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The School of Aerospace, Mechanical and Mechatronic Engineering1,2

Australian Centre for Field Robotics2

The University of Sydney, Australia
wmar5627@uni.sydney.edu.au1, a.goktogan@acfr.usyd.edu.au2

Abstract

Kinematically redundant serial manipulators
are often used for operation in constrained envi-
ronments, due to the high degree of articulation
and extended operational capabilities provided
by the additional Degrees of Freedom (DoF).
This paper presents the control method for a
novel 12-DoF Cable-driven Remote Access Ma-
nipulator (CRAM) for confined spaces inspec-
tion. The system is designed such that each
DoF is coupled to a single motor, and can bend
±90◦ for a large range of motion. The control
of CRAM is through an iterative inverse kine-
matics solution based on the manipulator Ja-
cobian. Self-motion is computed for joint angle
limit avoidance. A new normalised manipula-
bility measure, called the “Weighted Harmonic
Isotropy Measure” (WHIM), is also presented.
It is based on the Harmonic Mean Manipulabil-
ity Index (HMMI) and the Measure of Isotropy,
and is shown to outperform other commonly
used normalised indices in terms of stability
near singularities. Simulations with user de-
fined control inputs demonstrate that the in-
verse kinematics scheme effectively achieves the
desired pose, while avoiding large joint angles.

1 Introduction

Serial manipulators with a high number of kinematically
redundant Degrees of Freedom (DoF) offer several ad-
vantages over those with limited DoF [Charles A. Klein,
1983]. These advantages include the ability for simul-
taneous obstacle avoidance and task motion, singular-
ity avoidance, as well as the realisation of highly flexible
motion. Hence, they can be used in constrained environ-
ments and confined spaces with a limited volume, poor
accessibility, and/or poor ventilation [Horigome et al.,
2014; Buckingham and Graham, 2010].

Kinematic redundancy creates difficulties in solving
for the inverse kinematics of a manipulator due to the

Figure 1: A 3D model of the proposed 12 DoF CRAM
system, showing the translating base, 2 DoF joints and
replaceable end effector

lack of deterministic solutions [Chan and Lawrence,
1988]. Thus many kinematic solutions require the use
an iterative method based on the manipulator Jaco-
bian [Charles A. Klein, 1983; Chan and Lawrence, 1988;
Mayorga et al., 1992]. Kinematic solutions based on
the Jacobian suffer from instability at singularities, and
therefore selective damping based on a measure of ma-
nipulability are often used [Chiaverini et al., 1994].

The large number of DoFs of redundant serial manip-
ulators requires the use of many actuators. This leads
to excessive distributed weight, which can be overcome
through the use of a tendon driven (also known as cable
driven) mechanism. This effectively removes the need
to lift the weight of actuators, which are placed in the
base of the system. A manipulator which transmits force
through a tendon mechanism often suffers from the in-
troduction of non-linearities and coupling of DoF.

Many existing tendon driven systems for inspection
take the form of remote access manipulators, referring
to the ability of a manipulator to access confined spaces
while mounted external to the environment.

OC Robotics X125 is a high tension tendon driven ma-
nipulator [Buckingham and Graham, 2010] which uses
a universal joint mechanism. The system has 2-DoF
per joint, which increases the degree of articulation and



range of motion. More than two actuators are required
per 2-DoF joint which creates complex actuator kine-
matic coupling. Coupled tendon designs [Horigome et
al., 2014; S. Hirose, 1991] require only one actuator per
DoF. A coupled tendon mechanism refers to the direct
coupling of two opposing tendons joint to the same ac-
tuator. These systems have a reduced degree of articu-
lation compared to a universal joint system since each
joint only has 1-DoF. A 24-DoF system with a coupled
tendon mechanism [Dong et al., 2017] was introduced for
on wing aircraft inspection. Despite the large number of
DoF, each joint has a limited bending range, reducing
the workspace of the system and the total bending an-
gle.

The kinematic structure of a 12-DoF Cable-driven Re-
mote Access Manipulator (CRAM) is presented in Fig-
ure 1, combining a coupled tendon design and two degree
of universal joints [Marais and Göktoğan, 2017]. Each
DoF is independently controlled by a single actuator us-
ing a Bowden tube design, and realises bending angles
of ±90◦. The contributions of this paper include a con-
trol scheme for the kinematically redundant CRAM. A
variable damping factor is used, and a new manipula-
bility measure for singularity detection is introduced.
The measure is extended to include a weighting factor
based on the desired task manipulability requirements,
with the final measure called the Weighted Harmonic
Isotropy Measure (WHIM). This measure is applicable
to a wide range of manipulators, yet is initially analysed
here within the CRAM framework.

Section 2 recalls a damped Jacobian pseudoinverse
kinematics control scheme, with selective damping based
on the distance to singularities. Additionally a new ma-
nipulability measure is introduced to better represent the
distance to a singular configuration, and a null space con-
trol scheme for joint limit avoidance is presented. Sim-
ulation results are provided in Section 3. Finally, the
conclusions are summarised in Section 4.

2 Kinematics

2.1 Forward Kinematics

The forward kinematics of CRAM was solved using stan-
dard Denavit-Hartenberg (DH) parameters. CRAM con-
sists of 1 prismatic joint q1 for linear translation of the
base, and 11 revolute joints q2 – q12. The coordinate
frames used are shown in Figure 2, where q1 is along the
z axis of frame

{
1
}

and q2 – q12 are along the z axes of

frames
{

2
}

–
{

12
}

. The DH parameters are tabulated
in Table 1. Using standard pose transformations, the
forward kinematics function f can be found as

x = f(q) (1)

where x = (x, y, z, θx, θy, θz) ∈ <m is the pose vector of
the end effector in the task space, and q = (q1.....q12) ∈

Table 1: Table of standard DH parameters

Link dj θj aj αj Joint Limit
(mm) (rads) (mm) (rads) (mm) or (rads)

1 d1 π/2 105 −π/2 0-1300
2 0 −π/2 + θ2 0 π/2 −π/2 - π/2
3 0 θ3 250 −π/2 −π/2 - π/2
4 0 θ4 0 π/2 −π/2 - π/2
5 0 θ5 250 −π/2 −π/2 - π/2
6 0 θ6 0 π/2 −π/2 - π/2
7 0 θ7 250 −π/2 −π/2 - π/2
8 0 θ8 0 π/2 −π/2 - π/2
9 0 θ9 250 −π/2 −π/2 - π/2
10 0 θ10 0 π/2 −π/2 - π/2
11 0 π/2 + θ11 0 π/2 −π/2 - π/2
12 69 π + θ12 0 0 −π/2 - π/2

<n is the joint configuration vector in the configuration
space.

2.2 Inverse Kinematics

The inverse kinematics problem involves finding the
function f−1 which maps from the task space to the
configuration space.

q = f−1(x) (2)

Kinematically redundant manipulators are defined as
have a larger configuration space than task space, or
n > m. Therefore (1) will consist of n equations with m
unknowns, and will in general be an under-determined
system with an infinite set of solutions in <n−m.

The lack of an analytical method means numerical
methods exist using the Jacobian [Chan and Lawrence,
1988; Mayorga et al., 1992; Chiaverini et al., 1991].

Taking the derivative with respect to time of (1) yields

ẋ = J q̇ (3)

where J is the Jacobian matrix which maps from joint
velocities to pose velocities. The inverse of J only exist
for non-singular square matrices. For the kinematically
redundant case where J is an m× n matrix, the Moore-
Penrose pseudoinverse [Charles A. Klein, 1983] can be
taken to give

q̇ = J+ẋ (4)

Figure 2: A simplified model of the 12-DoF CRAM sys-
tem showing the setup of coordinate frames with x, y,
and z, where frame

{
1
}

is the base frame and
{

13
}

is
the end effector frame



where J+ is the Jacobian pseudoinverse. This effectively
finds the minimum Euclidean norm solution to (3), or the
shortest path in q space.

This can be discretised to give

∆q = J+∆x = J+(xd − xc) (5)

which is valid approximation for small iteration steps.
The end effector pose error is (xd − xc), the difference
between the desired and current end effector pose.

The Jacobian for CRAM takes the form

J =

 ∂x1/∂q1 · · · ∂x1/∂q12
...

. . .
...

∂x6/∂q1 · · · ∂x6/∂q12


=

(
z1 z2 × p2 · · · z12 × p12
0 z2 · · · z12

) (6)

where z1, · · · , z12 are the joint axes for frames
{

1 · · · 12
}

with respect to frame
{

1
}

, and p1, · · · , p12 are the vec-

tors from frames
{

1 · · · 12
}

to the end effector frame{
13
}

with respect to frame
{

1
}

. Each value of z and
p can be found using forward kinematics and DH pa-
rameters for any configuration.

The Moore-Penrose pseudoinverse [Charles A. Klein,
1983] takes the form

J+ = JT (JJT )−1 (7)

where JT is the transpose of the Jacobian J .

2.3 Singularity Detection and Stability

A singularity occurs when the dimension of the vector
space to which the Jacobian maps is less than the di-
mension of the task space m. This can be alternatively
stated as Rank(J) < m. At singular configurations, the
determinant of JJT is zero and the calculation of the
pseduinverse given in (7) is no longer valid.

Approaching singularities, joint velocities are required
to approach infinity to produce changes in end effector
position in degenerate directions [Mayorga et al., 1992].
Stability at singularities refers to a control scheme which
limits high joint velocities for desired changes in end ef-
fector pose in degenerate directions.

The use of a damped pseudoinverse [Mayorga et al.,
1992; Chiaverini et al., 1994; 1991] places a lower bound
on the determinant of JJT by adding elements to the
diagonal to yield the damped equation for the pseudoin-
verse

J+ = JT (JJT + λIm)−1 (8)

where λ is a positive constant and Im is the m × m
identity matrix. This creates errors in the control scheme
leading to non-straight paths in the task space and longer
convergence times. This is undesirable in confined spaces
where well defined motion is required.

A variable damping factor [Chan and Lawrence, 1988;
Chiaverini et al., 1994] can be used to provide fast con-
vergence and stability at singularities. The suggested
method [Mayorga et al., 1992] is for a variable damping
factor based on an estimate of the distance to a singu-
larity.

λ =

{
λmax(1− M

M0
) M ≤M0

0 M > M0

(9)

where M is a local measure of manipulability, M0 is a
constant tuning parameter to prevent damping at high
manipulability, and λmax is the maximum damping fac-
tor.

The definition of manipulability is given in [Patel and
Sobh, 2015] as the ability of a manipulator to move and
apply forces in any desired direction in the task space.

The commonly used measure of the distance
to a singularity is Yoshikawa’s manipulability mea-
sure [Yoshikawa, 1985]. This measure is based on the
manipulator Jacobian. Combining elements for both
prismatic and revolute joints within the Jacobian makes
it non-homogeneous [Patel and Sobh, 2015] due to a
mismatch between units. Therefore to solve this issue,
the Jacobian elements for prismatic and revolute joints
are considered separately, as well as separate considera-
tion for translational and rotational velocities [Patel and
Sobh, 2015]. Jacobian elements for revolute joints and
translational velocities are considered exclusively for the
remainder of this paper, yet the same measures can be
applied to prismatic joints and rotational velocities.

Yoshikawa’s measure, µ, is given by

µ =
√
det(JJT ) (10)

where µ is proportional to the volume of the velocity
ellipsoid. The velocity ellipsoid represents the end effec-
tor velocity in the task space for unit Euclidean norm
q [Yoshikawa, 1985]. The measure can also be written
as µ = σ1...σm =

√
ω1...ωm where σ are the singular

values of J , or the radii of the velocity ellipsoid, and ω
are the eigenvalues of JJT . Large singular values repre-
sent a high end effector velocity for unit Euclidean norm
joint velocity in the corresponding direction. Likewise,
small singular values correspond to directions of high
force transmission and accuracy [Patel and Sobh, 2015].

Yoshikawa’s measure has been criticized for being a
poor measure of the manipulability [Patel and Sobh,
2015]. This limitation occurs since the volume of the
velocity ellipsoid does not necessarily decrease near sin-
gularities as one of the radii becomes small, if other radii
become larger. The measure µ also suffers from order
dependancy, since it has dimensions of velocitym and
therefore gives different units for manipulators of differ-
ent task space dimensions. Finally, µ is also unbounded



and scale dependent making it difficult to use as a com-
parative measure for different manipulators.

The Local Conditioning Index (LCI) [Kucuk and Bin-
gul, 2006; Cardou et al., 2010] is defined as

LCI =
σmin
σmax

=

√
ωmin
ωmax

, ∈ [0, 1]. (11)

the ratio of the minimum and maximum singular val-
ues σ or equivalently, the square roots of the ratio of
the minimum and maximum eigenvalues ω. It provides
a measure of the spatial uniformity or isotropy of the
velocity ellipsoid. A limitation of the method is that it
only considers motion in 2 directions, unlike the index
µ which considers all of the radii of the velocity ellipse.
Another limitation of the LCI is that it can not be writ-
ten analytically as a function of q.

To remove the order and scale dependency,
Yoshikawa’s measure µ was extended [Kim and
Khosla, 1991]. First to remove the order dependency, it
was suggested to use M = m

√
det(JJT ), the geometric

mean of the eigenvalues ω, which has units of velocity2.
Next to remove scale dependency, this was divided by
the arithmetic mean of the eigenvalues, also of units
velocity2, to give

∆ =
m
√
det(JJT )
tr(JJT )

m

, ∈ [0, 1]. (12)

where tr is the trace of a matrix. The trace of JJT is
simply the sum of the eigenvalues ω. ∆ is known as
the Measure of Isotropy and is a normalised and unit-
less measure of manipulability. Isotropy refers to the
degree of directional uniformity of the velocity ellipsoid.
This measure is not as sensitive as the LCI for singular-
ity detection, as shown in Figure 3, where ∆ indicates
relatively high isotropy at near singular values. The ge-
ometric mean provides an average of a set of numbers of
different numeric ranges, and therefore is not an appro-
priate metric in this case, where all eigenvalues are over
the same numeric range.

The Harmonic Mean Manipulability Index
(HMMI) [Hashimoto, 1985] was introduced to pro-
vide a measure which is dominated by small eigenvalues.
The measure was introduced to solve the issue of
Yoshikawa’s measure µ, which may not reflect when
a singular value approaches zero if the other singular
values increase. The HMMI is given by,

HMMI =

√
1

tr[(JJT )−1]
(13)

This measure is not bounded and also suffers from scale
dependency.

2.4 A New Manipulability Measure

A new manipulability measure is presented based on ∆
and the HMMI.

∆H =
H

A
, ∈ [0, 1] (14)

where H is the harmonic mean of the eigenvalues,

H =
m

1
ω1

+ ... 1
ωm

=
m

tr[(JJT )−1]
(15)

and A is the arithmetic mean,

A =
ω1 + ...+ ωm

m
=
tr(JJT )

m
(16)

The rationale behind the use of the harmonic mean is
that it provides a method of averaging rates of change,
which is what the eigenvalues of JJT represent. The
measure can be written as

∆H =

m
tr[(JJT )−1]

tr(JJT )
m

(17)

This measure is bounded between 0 and 1, is neither scale
nor order dependant, and can be written analytically as
a function of q.

Figure 3 shows a comparison of the normalised indices,
LCI, ∆ and ∆H , for ω1 ∈ [0, 1] and ω2 = ω3 = 1. It can
be seen that the gradients of the LCI and ∆ approach in-
finity towards the singular configuration at ω1 = 0, while
∆H becomes linear (approaches m2/2). Therefore ∆H

gives a clearer indication of the distance to a singularity
due to its linear nature near singularities.

Figure 3: Graph of LCI, ∆ and ∆H manipulability mea-
sures as a function of the minimum eigenvalue ω1, with
ω2 = ω3 = 1

Figure 4 shows the use of the LCI, ∆ and ∆H ma-
nipulability measures for evaluation of a variable damp-
ing coefficient λ according to (9). The plot shows



det(JJT + λI)−1, which provides a measure of the mag-
nitude of the velocity commands given by the inverse
kinematics scheme, with λmax = 0.02 and H0 = 0.1.
It can be seen that with λ = 0, the magnitude of the
velocity commands approaches infinity at singularities,
as expected. Using ∆ as a measure, the lack of a reli-
able metric for the distance to a singularity leads to poor
damping of large velocity commands. Comparing the use
of the LCI to ∆H , the use of the LCI leads to larger max-
imum velocity commands, and irregular damping near
singularities.

0 0.005 0.01 0.015 0.02 0.025 0.03

Minimum Eigenvalue

102

103

104

105

d
e

t(
J
J

T
+

 
 I

)-1

LCI

H

=0

Figure 4: Graph of det(JJT + λI)−1 using LCI, ∆ and
∆H manipulability measures for damping, as a function
of the minimum eigenvalue ω1, with ω2 = ω3 = 1

Addition of a Weighting Factor
The ∆H measure can be extended to include a weighting
factor W ,

∆W =

tr(W )
tr[W 2(JJT )−1]

tr(JJT )
tr(W )

∈ [0, 1] (18)

where W is a square symmetric matrix of size m × m
formed by taking AAT for some matrix A.
W defines the task ellipsoid [Cloutier et al., 1994;

Dubey and Luh, 1988], or the ellipsoid which represents
the desired velocity and force transmission characteris-
tics. A proof of the boundedness of ∆W can be found in
the appendix. This measure is called the Weighted Har-
monic Isotropy Measure (WHIM). An example of the
use of a task ellipsoid can be seen in Figure 5 were the
desired task is to insert a round peg into a hole. High
precision is required in the x and y directions, while a
large degree of movement is required in the z direction.
Therefore in the example given in Figure 5,

W =

 1 0 0
0 1 0
0 0 10

 (19)

Figure 5: An example of the use of a task ellipsoid for an
operation in which a peg has to be inserted into a hole

It should be noted that only the relative size of the el-
ements in W matter as the measure is invariant to the
scale of the task ellipsoid.

The final variable damped pseudoinverse implementa-
tion for the CRAM system uses to unweighted measure
∆H , to give

λ =

{
λmax(1− H

H0
) ∆H ≤ H0

0 ∆H > H0

(20)

H0 and λmax were tuned experimentally to provide sta-
bility at singular configurations and fast convergence of
the inverse kinematics scheme.

2.5 Self Motion for Joint Limit Avoidance

For kinematically redundant manipulators, a set of n−m
null space vectors exist which are orthogonal to the out-
put space. The null space of J is the space of homoge-
nous solutions to (3). This allows self motion to be com-
puted, which has no effect on the pose of the end effec-
tor, yet violates the minimum Euclidean norm constraint
given by the pseudoinverse [Charles A. Klein, 1983]. The
control scheme now becomes

∆q = J+∆x + α(J+J − In)H(q, t) (21)

where In is the n × n identity matrix, (JJ+ − In) is
the orthogonal projection onto the null space, α is a
positive gain constant, and H(q, t) is some optimisation
n × 1 vector function. The Jacobian pseudoinverse J+

is damped as per (8) with the damping factor computed
in (20).

The form of H(q, t) can be used for null space sin-
gularity avoidance, yet the form of a vector which can
avoid singularities over the entire domain is an unsolved
problem [Mayorga et al., 1992]. The use of null space
motion for joint limit avoidance [Charles A. Klein, 1983]

is given as

H(q, t) = max(q− qc) (22)



where qc is the centre of each joint position. The CRAM
implementation included a threshold for each joint to
limit self motion at small joint angles, which would lead
to a straightening of all joints and hence a singularity.

H(q, t) =

{
sgn(q) max|q|, max|q| > π

4

0 max|q| ≤ π
4

(23)

where the centre of motion for each joint is 0. Here
the function max returns a velocity vector containing
only the maximum joint angle, and sgn preserves the
required direction of motion for angle minimisation. For
prismatic joint q1 responsible for base translation, the
measure was scaled as

q1 →
( q1
qc1
− 1
)π

2
(24)

where qc1 is the centre of q1, to create consistent joint
scaling.

The gain constant α was tuned to provide effective
limiting motion, without creating instability.

3 Simulation Results
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Figure 6: Graph of desired pose vs actual pose (top),
with joint angles (bottom) showing effectiveness of self
motion for joint angle reduction

The 12-DoF CRAM system was simulated on MAT-
LAB/Simulink to confirm the validity of the inverse kine-
matics scheme. A full spatial desired pose xd was pro-
vided via a gamepad input during the simulation.

A graph of the desired pose xd and actual pose xc is
shown in the top plot of Figure 6. The pseudoinverse
control scheme effectively converges to the user defined
desired pose inputs. The use of a variable damping factor
leads to fast pose convergence times, while limiting high
joint velocities over the entire manipulator workspace.

The bottom plot of Figure 6 shows the linear displace-
ment d1 of the prismatic joint q1, and joint angles θ2 –
θ12, of joints q2 – q12. The null space motion is shown
to effectively keep the joint angles within the mechanical
limits of ±π2 , and the prismatic joint q1 between 0mm
and 1300mm. Due to the dead-zone for self motion, the
joint angles aren’t forced to approach 0, limiting the oc-
currence of singularities.

A comparison of the LCI, ∆ and ∆H measures during
the CRAM simulation are shown in Figure 7. Each mea-
sure correctly confirms the initial singular configuration.
It can be seen that ∆ is a poor indicator of the near
presence of a singularity as is evident between 20 and 30
seconds. To provide damping in this region, a threshold
of M0 = 0.4 would have to be implemented. This would
lead to unnecessarily damping at configurations which
may not be near singular. The linear nature of ∆H at
small eigenvalues leads to a better indication of a near
singularity between 20 and 30 seconds than the LCI and
∆. In particular, ∆H only gives a smaller manipulabil-
ity value near singular configurations, and larger values
away from singularities. Thus implementing damping
thresholds for the two measures will lead to more selec-
tive damping when using ∆H compared to the LCI. This
confirms the results of Figure 3, and the validity of the
use of ∆H as a normalised index for variable Jacobian
damping.
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4 Conclusion

An inverse kinematics solution for a Cable-driven Re-
mote Access Manipulator (CRAM) for confined spaces
inspection was presented. The inverse kinematics was
solved using an iterative solution based on the manip-
ulator Jacobian and shown to converge to user defined
pose inputs in simulation. Through null space motion,
the joints are shown to avoid mechanical limits.

To overcome instability at singularities, a damped
pseudoinverse control scheme is used, with variable
damping based on a measure of manipulability. A new
manipulability measure is proposed which is bounded,
scale and order independent, and can be written in an
analytical form. The measure is shown to give desirable
results for determining the distance to a singularity com-
pared to both the Local Conditioning Index (LCI) and
the Measure of Isotropy. Using the measure for pseu-
doinverse damping is shown to give more regular damp-
ing characteristics. The measure is extended to include
a weighting factor based on the task ellipsoid and the
final measure is called the Weighted Harmonic Isotropy
Measure (WHIM).

The WHIM presents many further opportunities. The
derivation of an analytical expression of the WHIM for
CRAM or any redundant robotic manipulator, would al-
low for joint configuration optimisation based on the de-
sired task. Since the measure is normalised, it also allows
for the comparison of different manipulator structures,
and hence structure optimisation. The WHIM can also
be extended for use as a global manipulability measure
to allow for configuration optimisation across the entire
manipulator workspace.

5 Appendix

Proof. The aim is to show that ∆W ∈ [0, 1] for all W
and J . The measure is clearly greater than 0 since all
elements are positive.

To prove for an upper bound of 1, (18) can be simpli-
fied and hence the problem reduces to proving that

tr[W 2(JJT )−1] tr(JJT ) ≥ tr(W )2 (25)

Now taking the singular value decomposition of J gives

tr[W 2(JJT )−1] = tr[W 2UΣΣTUT ]

tr[UTWWTUΣΣT ] =

tr[(UTWU)(UTWU)TΣΣT ]

(26)

where U is a unitary matrix, Σ is diagonal singular ma-
trix, and the cyclic invariance properties of the trace of
a matrix have been used.

Therefore the left hand side of (20) can be expressed

in terms of the singular values σ of J as

m∑
i=1

di
σ2
i

m∑
i=1

σ2
i (27)

where di are the diagonal elements of
(UTWU)(UTWU)T .

m∑
i=1

di
σ2
i

m∑
i=1

σ2
i ≥

( m∑
i=1

√
diσi
σi

)2
=
( m∑
i=1

√
di
)2 (28)

by the Cauchy-Schwarz inequality.

( m∑
i=1

√
di
)2 ≥ ( m∑

w=1

dw
)2

(29)

where dw are the diagonals of UTWU .

( m∑
w=1

dw
)2

=
( m∑
w=1

λw
)2

= tr(W )2 (30)

where λw are the eigenvalues of W .
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