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Abstract
Hovering robots intended for flying indoors are
naturally constrained by the width of doorways and hallways made for humans. Their
limited rotor diameter prevents them from carrying heavier payloads or batteries due to the
power requirements of small rotor disc areas.
To sidestep this problem, we propose adding
several rotors stacked vertically to increase effective rotor area. Properly designed, the vertical configuration may reduce the overall power
requirement, compared to a single rotor, and
also allows for decoupled flight mechanics. We
have constructed a proof of concept aircraft
with two rotor modules and six manoeuvering
vanes to explore the design and control problems of this configuration. We state the aerodynamic case for stacked rotor power economy,
propose a decoupled orientation-translation PD
control scheme and demonstrate the helicopter
in stable hovering flight.
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Introduction

As hovering robots become ever more useful, there is demand for platforms with greater lifting capability and
flight time. One way of increasing performance and endurance is to enlarge the aircraft, allowing for providing
greater rotor lifting surface area and more batteries —
for example, the large main rotor of the UQ Y-4 triangular quadrotor [Driessens and Pounds, 2015]. However, aircraft that are intended only for indoor flight —
for patrol, inspection, maintenance, and other such interior tasks — cannot avail themselves of this solution.
The minimum dimensions of human-scale spaces pose a
natural limitation on rotor diameter, and the width of
a single doorway is a hard limit on maximum aircraft
footprint.
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Figure 1: ‘Stackrotor’ platform.
We propose an alternative approach: if the aircraft
cannot expand laterally, expand vertically instead. We
have developed a helicopter with multiple rotors stacked
one on top of each other — a configuration we call a
“stackrotor” (see Figs. 1 and 2). This arrangement is
not without precedent, as numerous helicopters have
been constructed with coaxial rotors, including the first
production unmanned helicopter, the Gyrodyne QH-50
[GHHF, 2016], and early drone aircraft such as the
Canadair CL-227 Sentinel [FoAS, 2016]; coaxial multirotors are also common. However, examples of helicopters
with more than two coaxial rotors are rarer, such as the
Pescara Model 3 [AtWA, 2016]. Helicopters constructed
with coaxial rotors exploit their higher disc loadings and
the elimination of a tail rotor [Leishman, 2006, p101].

Figure 3: Coaxial rotor configurations: a. coincident, b.
closely separated, c. widely separated.
From this, the ideal power required for a single rotor can
be computed:

Figure 2: ‘Stackrotor’ concept.
The advantages of coaxial rotors come at the cost of
reduced power performance and range [Leishman, 2006,
p101] compared to tandem rotors but, paradoxically, the
stackrotor stands to instead benefit both in energetic
performance and in its dynamic control. This is because
the additional rotors increase the available lifting surface
area, and because the large vertical separation between
rotors provides a balanced lever-arm around which flapping rotor moments may cancel.
In this paper, we outline the rationale behind the
stackrotor’s vertical rotor configuration (section 2) and
present a proof of concept aircraft (section 3). We describe a model for its unique dynamics due to the large
displacement between its articulated rotors, and a decoupled attitude-translation control scheme for regulating its flight (section 4). We present flight test results for
a full-size, human-scale stackrotor platform hovering in
ground effect (section 5). A brief conclusion completes
the paper.
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Aerodynamics of Stacked Rotors

Rotors function by inducing a pressure field across the
top and bottom surfaces of the rotor disc, such that air
is accelerated downwards. The continuous momentum
change of the air mass induces a reaction force providing
lift to the aircraft. The momentum theory of rotors gives
force developed by a rotor as [Prouty, 2002, p3]:
T = ρvi A(w − v0 )

(1)

where T is the thrust, ρ is the density of air, A is the
rotor disc area, v0 is the ambient air velocity, vi is the
velocity of air through the rotor and w is the rotor wake
velocity. For a typical rotor operating in hover, v0 =
0 and w = 2vi at the vena contracta (through energy
conservation) and thus:
s
T
vi =
(2)
2ρA

T 3/2
Pideal = T vi = √
2ρA

(3)

However, when the ambient air velocity is non-zero
(such as when a rotor is operating in the wake of a rotor
upstream, or when a helicopter is climbing) the alreadymoving air must be accelerated to a higher velocity to
affect the same momentum change. This requires proportionally more power for the same thrust. This can be
represented by an induced power factor, κ, where:
P = κPideal

(4)

Leishman and Ananthan explored this phenomenon
for several coaxial helicopter configurations, including
coincident rotors and where one is placed at the vena
contracta of the other [Leishman and Anathan, 2006]
(see Fig. 3, adapted from [Leishman and Anathan,
2006]). They computed net effective power factors for
the systems, relating the power required by a coaxial
helicopter to that of two independent rotors providing
equal thrust in isolation:
X
X
Pcoaxial = κeff
Pideal
(5)
For two equal coincident rotors, κeff = 1.414, whereas a
rotor in the vena contracta of the other has κeff = 1.281
and κeff = 1.219, depending on whether the two rotors
were configured to develop equal thrust or equal torque,
respectively [Leishman and Anathan, 2006]. This shows
that vertically-spaced rotors with equal torques will be
more efficient than other two-rotor coaxial configurations. They also highlighted that the gap between the
two rotors played a significant role in allowing outside
air to enter the lower rotor, thus increasing the effective
available disc area. With sufficient vertical separation,
the viscous air forces will absorb the wake energy, and
the two rotors will behave as if in isolation.

2.1

Power of Stacked Rotors

We expand their analysis to consider systems of more
than two rotors vertically stacked, and compare the
power requirement with respect to a single rotor of the
same footprint, rather than isolated dual rotors. For an
aircraft with n rotors, we assume in all cases that the rotor drag torque of each rotor, Qi , in the stack are equal:
Q1 = Qi = · · · = Qn

(6)

The power consumed by the ith rotor is:
Pi = Ti v1i

(7)

The total thrust and power are:
Ttotal =
Ptotal =

n
X
i=1
n
X

Ti

(8)

Figure 4: Mass power factor vs rotor number for
mr /m0 = 0.0–1.0; red line shows curve inflection points.

2.2
Pi

(9)

i=1

We can consider that a downstream rotor operates in the
combined wake velocity of all the rotors above it. From
Leishman and Ananthan it is known that for operation
at equal torques (and power), if the lower rotor operates
in the vena contracta of the above rotor, then its induced
velocity is 0.44 times that of the upper rotor [Leishman
and Anathan, 2006]:
vi = 0.44vi−1

(10)

The power required for two rotors will be 1.219 times the
power required for two isolated rotors [Leishman, 2006,
103], which equates to 0.862 times the power required by
a single rotor carrying the same weight.
In a practical stackrotor, the number of rotors employed must always be even so as to avoid torque imbalance. Each contiguous set of two rotors can then be
treated as a single effective rotor, and thus two such modules will operate as if they were two equal-power coaxial
modules with the same attendant power scaling. These
doublings can be repeated m times, such that n = 2m :
Pm = 0.862m Pideal

(11)

Table 1 lists the effective power factors for stacks from
1 to 8. For constant mass, the adding extra rotors will
decrease the power required. The rationale for this (as
per Leishmann and Ananthan) is that as more rotors are
added, the more surface area from the outer circumference of the lower rotors is available to reduce the overall
disc loading.
Table 1: Stackrotor Ideal Effective Power Factors.
n 1
2
3
4
5
6
7
8
κeff 1.000 0.862 0.790 0.743 0.708 0.681 0.659 0.641

How Many Rotors?

A helicopter with arbitrarily many rotors is not practical
to build — as the number of rotors is increased, so too
is the mass overhead for each additional motor, wiring,
drive electronics and supporting airframe structure. As
an approximation, the mass of a stacked helicopter will
start with a fixed overhead m0 for avionics, base structure, control surfaces, payload and batteries and then
increase linearly with the mass of each additional rotor
unit, mr :
m = m0 + nmr
(12)
For this analysis, we consider the mass of the battery
fixed with the aim of minimising net rotor power, and
thus maximising endurance for a given gross weight. The
power required to hover will be:
Pn = κeff

(m0 + nmr )1.5
√
2ρA

(13)

and the resultant combined rotor-mass power factor will
be:

1.5
mr
κ = 0.862log2 n 1 +
n
(14)
m0
The value of κ can be plotted as a function of n and
the ratio of the unit rotor mass to the fixed mass (see
Fig. 4). The aircraft mass and rotor area increases linearly together, amortising the fixed mass amongst them
until the power factor represents the performance of a
single module within the stack.
Figure 4 shows that for cases where the rotor module
weighs more than 0.3 times the mass of the fixed mass,
the addition of extra modules will increase the net power
factor until more than 8 rotors are installed — difficult to
achieve for a practical aircraft. However, if the module
mass is less than or equal to 0.11 times the fixed mass,
even two rotors may provide a net benefit.
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Figure 5: Stackrotor avionics architecture.
Table 2: Stackrotor Mass Budget.
Component
Mass/kg
Fixed overhead
Flight control stack
0.150
Flight batteries
1.618
C.F. centre spar
0.180
Control surfaces (6)
0.300
Control servos (6)
0.150
C.F. bumper and arms (2)
0.520
Wiring and fasteners
0.363
Total
3.281
Per module
T-Motor MT2826
0.187
T-Motor ESC 20A
0.024
T-Motor 18x6.1 rotor
0.050
Motor mount
0.035
Wiring and fasteners
0.036
Total
0.332
Total Aircraft
3.945

m
Jxx
Jyy
Jzz
h1
h2
A
c
αR
αV
ω0
q1
q2
kθproll
kθppitch
kθpyaw
kθdroll
kθdpitch
kθdyaw

Table 3: Stackrotor Parameters.
3.945
kg
1.11
kgm2
1.11
kgm2
0.08
kgm2
0
[0 0 0.66]
m
[0 0 − 0.84]0
m
0.1662
m2
0.115
m
7.74×10−5
N/(ms−1 )2
50×10−5
N/rad
500
rads−1 ms−1
0.0023
0.043
22.5
22.5
4
40
40
0.1

Platform

A 1.5 m tall proof of concept platform was developed
to explore the control and energetic aspects of stacked
rotor helicopters (see Fig 1). The mass breakdown of
the aircraft is given in Table 2. The mechanical and
control system parameters for the Stackrotor are given
in Table 3.
Each rotor module consists of a T-Motor MT2826
brushless motor, 18x6.1” rotor and 20 Amp electronic
speed controller. The ratio of rotor module mass to fixed
mass is 0.101. The aircraft has initially been equipped
with two rotor modules, with the option of mounting
additional modules in the future. The rotors are placed
far apart to maximise the viscous dissipation of the top
rotor’s wake.
Each rotor is equipped with a mechanical flapping
hinge, to allow the unequal aerodynamic moments acting
on the blades to balance [Pounds et al, 2010]. The rotorheads are made from bronze-infused 3D printed steel,
in a teetering configuration. From (10), the added flow
velocity over the bottom rotor will be 0.44 that of the
top rotor, as will the thrust developed by the bottom
rotor. The bottom rotor blade pitch is set 3.4◦ greater
than the top rotor to account for increased inflow angle.
To ensure the contributions of rotor flapping lateral force
due to translation are balanced, the centre of mass of the
aircraft is set at 0.44 times the length of the inter-rotor
spacing below the top rotor.
As configured, the stackrotor is expected to require
542 W of power to hover. With a pair of 6600 mAhr
18.5 V 5-cell lithium polymer batteries, and assuming
a rotor efficiency of 0.65 the minimum expected flight
time will be approximately 30 minutes without added
payload. The aircraft will generally operate close to the
ground indoors, so substantially longer effective flight
times are anticipated.
The flight control unit is a Pixhawk running custom
mixing and control loops. A downward-facing optical
flow and ultrasonic height-above-ground sensor are installed on an instrument boom, but were not used. The
avionics architecture is shown in figure 5.
The aircraft’s motion is controlled using two sets of
three aerodynamic vanes mounted at the top and bottom
of the helicopter (see Fig. 6). The vanes are immersed
in the wake of the rotors such that when tilted by a
servo they produce a lateral lift force. Acting in concert,
the vanes can produce pure lateral forces as well as roll,
pitch and yaw torques. The vanes are constructed from
straight sections of carbon fibre 600-series hobby helicopter main rotor blades, and are sized to provide a net
lateral thrust of 0.25 ms2 at full deflection. Along with
the surrounding protection ‘bumpers’, the vanes are included as part of the fixed overhead, as they will only be
installed for the top and bottom rotors.

Figure 6: Stackrotor pivoting rotorhead and vanes.
The structure is stabilised with guy-wire between the
upper and lower bumper arms. The stackrotor rests on
three spherical castors; it is top-heavy and can tilt up to
approximately 10◦ from vertical before toppling.
During flight, the safety pilot has access to all six control axes via a Spektrum X10T radio control handset.
Throttle and yaw are on the left stick, per conventional
Mode 2 arrangement, while the right stick is used for
X and Y translation velocity. Pitch and roll reference
angles are controlled via rotary trim knobs.
Figure 7: Stackrotor free body diagram.
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4.1

Stabilisation and Control
Dynamic Model

The dynamics of an n-rotor stackrotor with flapping rotorheads, and clusters of control vanes is given below.
The inertial reference frame is denoted by
I= {ex , ey , ez }, where ez is in the direction of gravity,
and ξ = (x, y, z) is the origin of the body fixed frame
A ={e1 , e2 , e3 } where e1 is aligned with the notional
front of the craft. The frame A is related to I by the
rotation matrix R : A → I. Vector v is the translational
velocity of frame A in I and Ω is angular velocity of
frame A expressed in A.
The system dynamic equations are:
ξ̇
mv̇
Ṙ

= v
= mgez + R

(15)
X

Ti + R

X

Fjk

= RΩ×

(16)
(17)

X

JΩ̇ = −Ω× JΩ +
hi × Ti
X
X
+
τ i e3 +
djk × Fjk

(18)

where m and J are the mass and rotational inertia of the
aircraft, g is acceleration due to gravity, Ti and τ i are
the thrust and drag torque vectors produced by the ith
rotor respectively, and hi is its displacement from the
center of mass; Fjk is the aerodynamic force produced
by the kth control vane of the jth vane cluster, and djk

is its displacement from the centre of mass. Here × is
the skew-symmetric matrix operator.
Thrust vectors are functions of rotor tilt angles, which
are dependent on translation and pitch velocities:


Ti = −αR |ωi |ωi I − (Q1 (v + Ω× hi )× e3 )× − (Q2 Ω)× e3
(19)
where I is the 3 ×3 identity matrix, αR is the aggregate
rotor thrust coefficient, and ωi is the ith rotor velocity.
Matrices Q1 and Q2 are constant translation and rotation flapping parameters of the rotor, respectively:
Q1
Q2

= q1 (e1 e2 0)
= q2 (e1 e2 0) +

1
ωi (e2

e1 0)

(20)
(21)

where q1 and q2 are the rotor translation and rotation
coefficients.
The force produced by the jth control vane is given
by:


− sin( 2π
3 k)
 θjk
(22)
Fjk = αV j  cos( 2π
3 k)
0
where αV j is the aggregate airfoil lift slope coefficient,
normalised by the local wake velocity, and θjk is the jkth
vane pitch angle.

4.2

Control Mixing

As a simplification, we can consider each control vane
cluster act in concert as a pure planar force-torque generator. The output mapping per cluster becomes:



 
Fjx
−0.866 0.866 0
θj1
Fjy  = αV j  0.5
−0.5 1 θj2 
(23)
τj
c
c
c
θj3
where c is the distance from the centre of the cluster
to the vane centre of pressure. This mapping matrix
is full rank and invertible, where c 6= 0. Note that for
the stackrotor as built, the top and bottom vane control
clusters are reversed to balance the triangular symmetry
of lateral forces, and the mapping matrix is:



 
Fjx
0 0.866 −0.866
θj1
Fjy  = αV j 1 −0.5
0.5  θj2 
(24)
τj
c
c
c
θj3
To maintain the main rotor torque balance, it is assumed
that T1 and T2 are actuated proportionally such that
their net torque contribution is zero, with resultant hover
thrust control δT = −T1 − T2 + mg. Similarly, the control vane clusters all produce azimuthal torques; to avoid
saturation by overdriving any single cluster, the torque
demand will be set equal across all j clusters such that:
τz /j = τ1 = · · · = τj

(25)

The overactuated design of the stackrotor affords it the
useful ability to decouple of its rotation and translation.
For the stackrotor as built, assuming level hover with no
flapping, the net control forces acting in the local frame
are:
  


Fx
Fx1
1
0
1
0 0 0
Fy   0


1
0
1 0 0
  
 Fy1 
 Fz   0


0
0
0 0 1 Fx2 
 =
 (26)
 τx   0 hz1


0 hz2 0 0
  
 Fy2 
 τy  hz1


0 hz2
0 0 0
τ1,2 
τz
0
0
0
0 2 0
δT
Except in the degenerate case where hz1 = hz2 (ie.
colocated rotors), this mapping matrix will be full rank
and invertible. Thus required control inputs can be computed from the desired torques. The full six degrees
of freedom of the aircraft can be actuated individually
in hover — as distinct from traditional helicopters and
quadrotors, which are underactuated.

4.3

Feedback Control

A key feature of the stackrotor configuration is that its
fully-actuated controls can be decoupled around hover,
such that attitude and velocity may be regulated separately. Consider the linearisation of the longitudinal

Figure 8: Translation and attitude control architecture.
planar dynamics of the aircraft, in ξx , ξz and pitch θ:
mξ¨x = −T1 (θ + β1 ) − T2 (θ + β2 ) + Fx1 + Fx2 (27)
mξ¨z = −T1 − T2 + mg
(28)
Jyy θ̈ = T1 h1 β1 + T2 h2 β2 − d1 Fx1 − d2 Fx2

(29)

where βi is the planar longitudinal flapping angle:
βi = q1 (ξ˙ − hi θ̇) − q2 θ̇

(30)

For (28) and (29), it is known that T = T1 + T2 = mg,
and the rotor thrust lever-arm scaling is constructed such
that T1 h1 = −T2 h2 . Thus:
mξ¨x
mξ¨z

= −T (θ + q1 ξ˙x − q2 θ̇) + Fx1 + Fx2

(31)

= −T + mg

(32)

Jyy θ̈

−q1 (T1 h21

=

+

T2 h22 )θ̇

− d1 Fx1 − d2 Fx2 (33)

It can be seen that, unlike conventional helicopters,
no translation terms arise in the attitude dynamics and
that the pitch velocity dynamics are stable. In hover,
attitude regulation will drive θ and θ̇ to zero, eliminating
these terms from the translational dynamics (which are
otherwise stable in velocity).
For a second order system, a PD controller will stabilize the plant:

 
−1 

Fx1
−1 −1
(kξp + kξd s)ξx
=
(34)
Fx2
d1 d2
(kθp + kθd s)θ
with gains kξp , kξd , kθp and kθd . It is straight-forward to
compute Fx1 and Fx2 , provided d1 6= d2 . Importantly,
the independence of the attitude dynamics from translation means that no time-scale separation is required in
the controllers. As implemented, the two control loops
are separate in the flight controller until mixed together
at the output (see Fig. 8).
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Experiments

The control system of the stackrotor was tested first on
a suspended test rig to ascertain attitude stability, and
then flown in free flight to confirm the effectiveness of
the translation controls.
For the suspended test, the aircraft was held above
the ground with a tether apparatus made from hightension Spectra fishing line. The line was attached to the

Figure 9: Suspended roll and pitch angle tracking.
stackrotor at the centre of mass, allowing it to pitch and
roll freely, but not yaw. During the test, the aircraft’s
rotors were throttled up to the point where the aircraft
could support its own weight, and then the radio handset
was used to send pitch and roll orientation setpoint step
functions, with no translation inputs.
For safety, the suspended tests were performed with
low system gains and as a result the dynamic rise time of
the pitch and roll response was low (see Fig. 9). However,
the angle tracking was quite accurate and the system
exhibited no overshoot.
For free flight, the stackrotor was operated with onboard attitude control, but the translation velocity sensor was not functional and so testing was done with only
manual position feedback. The aircraft started on the
ground, and the throttle was brought up gradually. Once
the aircraft left the ground, the pilot did not apply pitch
or roll commands, but instead used the X and Y inputs
to keep the aircraft centred in the testing area.
The stackrotor was flown approximately 300 mm
above the ground (see Fig. 10). It was found that the the
pitch and roll tracking was acceptable, with deviations of
less than 2◦ from level, while the yaw control exhibited
substantial drift (see Fig. 11). The pilot found translation control to be intuitive and responsive. The yaw
control was very weak, possibly due to the conservative
gains to avoid the risk of vane saturation. Modifications
were made to apply differential rotor thrust to increase
control authority, and these proved effective.
There are several tasks for future development:

Figure 10: Stackrotor flying indoors.

• The translation and height sensor will be integrated
with the aircraft to provide position feedback.
• The yaw control will be fine-tuned to optimise responsiveness.
• The power economy will be tested to verify if the
stacked configuration is providing any benefit.
• Two extra rotor modules will be installed to test the
stacked rotor efficiency concept.

Figure 11: Free flight roll and pitch, in hover.
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Conclusions

In the particular case where human-scale indoor spaces
limit the size of hovering robot rotors, a vertical aircraft
configuration with multiple stacked rotors may provide
an energetic benefit. We have shown that, in the case
where a helicopter is constructed with two widely separated pivoting rotorheads and control vane clusters, vertical helicopters may exploit balanced flapping moments
to provide favourable dynamics. These dynamics admit
a control scheme in which orientation and translation
are fully actuated, and separately regulated. We have
constructed a proof-of-concept “stackrotor” and verified
that the closed-loop system is stable in suspended tests,
and that the flight control system scheme functions in
free flight.
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