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Abstract

This work reports on the current state of a
robotic joint sensor unit capable of estimating
the relative angular acceleration, velocity and
position of hinged robotic links. To this end the
accelerometer-only Inertial Measurement Unit
(IMU) concept is built upon to incorporate
an incremental encoder and extra accelerom-
eter to gather the extra information required
to estimate the relative position, velocity and
acceleration components. Two cascaded Un-
scented Kalman Filters are then used to sep-
arately estimate the IMU component and the
relative component. Simulation of the system
shows promising results with all states being
estimated under a range of dynamic motions.

1 Introduction

Joint position and velocity data are employed extensively
in a variety of robot control systems. In recent times
researchers have begun adding additional joint feedback
data such as acceleration and jerk into control systems
in order to increase machine performance.

Existing methods of obtaining velocity data rely on the
often noisy differentiation of positional data from incre-
mental encoders. Due to the noise levels present in the
differentiation of sampled encoder data, further differen-
tiation to obtain acceleration yields poor and unusable
results [Zhu and Lamarche, 2007]. Observer based sys-
tems have been implemented to estimate velocity and
acceleration, however these formulations require accu-
rate parameters and mechanical system models that can
be difficult to obtain and may vary over time [Petrella
et al., 2007]. Numerical methods have also been inves-
tigated and successfully applied, however they generally
appear to be directed at obtaining velocity data [Su et
al., 2005].

With the advent of low-cost MEMs devices research
has extended into incorporating such units as gyro-

scopes and accelerometers into the robotic joint estima-
tion problem. Many approaches have been investigated
and range from systems that rely solely on MEMs devices
[Cheng and Oelmann, 2010], forgoing encoder units com-
pletely, through to formulations that incorporate data
from encoders and MEMs gyroscopes and accelerometers
that are scattered about the machine [Munoz-Barron et
al., 2015].

This work aims to investigate a solution to obtain joint
angular position, velocity and acceleration by developing
an all-in-one joint sensor unit that can be readily fixed
to a robotic joint. To this end an incremental encoder is
employed to obtain an estimate of the link’s relative po-
sition and accelerometers are tasked with obtaining rel-
ative angular accelerations and velocities. Sensor fusion
techniques are employed to obtain the angular accelera-
tions and velocities from the accelerometers and to then
merge this data with the encoder to improve the relative
acceleration, velocity and positional estimates. In ob-
taining the relative joint acceleration and velocity data,
this work extends the accelerometer-only IMU concept
[Schopp et al., 2010] and as such linear accelerations and
angular accelerations and velocities of the robot joint in
the inertial frame are also made available.

2 System Model

The modeling of the joint sensor is separated into two
sections. First an accelerometer-only IMU attached to a
robotic link li, is employed to define the linear accelera-
tion of point O in frame B (also attached to link li). The
angular acceleration and velocity of frame B (Figure 2)
in the inertial frame I are also define in this method. The
system is then extended by considering the previous link
li−1, upon which frame A is attached. The angular ve-
locity and acceleration of frame A is then obtained via
the knowledge that frames A and B are hinged about
the common point O. Once the angular velocities and
accelerations of frames A and B are known, the summa-
tion of angular velocities and accelerations is employed
to obtain the relative angular velocity and acceleration



Figure 1: IMU Model.

of frame B with respect to A.

2.1 Accelerometer-Only IMU

The acceleration of a point IaAi on a rigid body B in
inertial frame I is given by

IaAi = IaO + Iω̇B × BrAi + IωB × (IωB × BrAi), (1)

with the body B’s linear acceleration IaO, angular accel-
eration Iω̇B and the angular velocity IωB being unknown
and the known position of point Ai relative to O being
given by BrAi.

While there are nine unknown variables required, typ-
ically requiring nine equations, it has been shown that
as the angular velocity components appear in quadratic
form in (1) a minimum of twelve acceleration measure-
ments are required to obtain these nine unknown vari-
ables [Lin et al., 2006].

Knowing this four triaxial accelerometers are physi-
cally placed on the rigid bodyB at points BrAi (Figure 1)
and the system of equations is formulated as follows.

For simplicity we let

IaO =
[
ax ay az

]T
Iω̇B =

[
ẇx ẇy ẇz

]T
IωB =

[
wx wy wz

]T
BrAi =

[
rx ry rz

]T
.

(2)

The components of (1) are reformulated into the matrix
equation

IaAi =



1 0 0
0 1 0
0 0 1
0 −rz ry
rz 0 −rx
−ry rx 0
ry rx 0
rz 0 rx
0 rz ry
0 −ry −rz
−rx 0 −rz
−rx −ry 0



T 

ax
ay
az
ẇx

ẇy

ẇz

wxwy

wxwz

wywz

w2
x

w2
y

w2
z


= Bix,

(3)

where the known positions are contained in the matrix
Bi and the unknown states in the vector x. Four such
acceleration equations are then stacked as

y =
[
IaA1

IaA2
IaA3

IaA4

]T
, (4)

which results in a matrix equation of the form

y = Bx, (5)

where

B =
[
B1 B2 B3 B4

]T
. (6)

Depending on the physical layout of the accelerome-
ters, the unknown states can then be obtained by the
inversion of (5).

Equation (5) reveals that obtaining the unknown
states depends on the condition of the matrix B, which
is a function of the accelerometer positions. As such, the
condition number of this matrix can serve as an indica-
tor of the quality of the accelerometer placements [Lu
and Lin, 2011]. This approach is employed during the
determining of the physical placement of the accelerom-
eters and allows for further exploration as to the quality
of the expected outputs when investigating sensor place-
ment on different robots.

2.2 Relative Kinematics

The formulation is now extended to obtain estimates of
the relative angular acceleration and velocity between
frames B and A.

To obtain this information the summation of angu-
lar velocities and accelerations is employed and as such
requires an estimate of the angular velocity IωA and an-
gular acceleration Iω̇A for frame A on link li−1.

Referring to Figure 2 an accelerometer is placed at
ArAa on frame A with its axes parallel to frame A’s axes.
As frames A and B are hinged at point O the accelera-
tion of point O can be obtained from the previous IMU
estimates with a simple rotation about the ẑ axis to



Figure 2: Relative Kinematics Model.

orient it into frame A. The kinematic relationship for
acceleration can now be employed to find the angular
acceleration and velocity of frame A.

IaAa = R(θ)IaO +Iω̇A×ArAa+IωA×(IωA × ArAa) (7)

where R(θ) is the rotation matrix

R(θ) =

cos(θ) − sin(θ) 0
sin(θ) cos(θ) 0

0 0 1

 (8)

and IωA and Iω̇A are the angular velocity and accelera-
tion of frame A respectively.

To obtain the relative angular velocity and accelera-
tion between the frames the rule of summation of angular
velocities and accelerations is employed as

IωB = IωA + AωB

Iω̇B = Iω̇A + Aω̇B .
(9)

As the joint is hinged about the ẑ axis, the values of
interest are found as

AωB = θ̇ẑ

Aω̇B = θ̈ẑ,
(10)

and as such the relative kinematic relationship between
the two links is found as

IωAx = IωBx
Iω̇Ax = Iω̇Bx

IωAy = IωBy
Iω̇Ay = Iω̇By

IωAz = IωBz − θ̇ẑ Iω̇Az = Iω̇Bz − θ̈ẑ.
(11)

In this case the x̂ and ŷ components of frame A’s
angular acceleration and velocity are equal to frame B’s
angular acceleration and velocity due to the perceived
rigidity in these directions as a result of the hinged joint.
The values in frame B are taken from the IMU estimate.

3 Sensor Fusion

The vector x of unknown kinematic quantities in
(5) presents the angular velocity components in both
quadratic forms and as products of one another. This
well-known issue results in sign ambiguity when attempt-
ing to extract the angular velocity components. By in-
corporating the use of Kalman-style filters the angular
acceleration components can be merged with the angu-
lar velocity components to obtain robust angular velocity
measurements. To add to this, an incremental encoder
is also employed to improve the estimates of the relative
link components and as such a means to incorporate this
measurement is required. The Unscented Kalman Fil-
ter was selected for the fusion task as it is suited to
the estimation of nonlinear functions. The UKF does
not approximate the nonlinear function as in the Ex-
tended Kalman Filter, rather the probability distribu-
tion is approximated and propagated through the non-
linear model. The UKF also suits well to incorporating
the relative kinematic components due to the nonlinear
rotation matrix present.

For the sake of brevity an in-depth discussion of the
UKF is not presented in this paper; rather focus is main-
tained on system structure, state and measurement mod-
els and covariance matrix issues.

Many variations of UKF exist. In this work an assum-
tion of zero mean additive noise is made which allows
the use of the additive zero mean UKF formulation [Wan
and Van Der Merwe, 2000]. In this method the system
state does not need to be augmented with noise vari-
ables which reduces the dimension of the state vectors.
Instead, the noise source covariances are simply added to
the state covariance. This in turn reduces the complexity
of the UKF to order O(n3), for n states, which is impor-
tant in the hardware execution phase of the project. It is
intended that the UKF system executes at a fast update
rate on embedded hardware, which may place a limit on
the number of states that can be estimated. In light of
this it is found that the estimation of the relative com-
ponents and the IMU components can be split into two
separate UKF implementations. As the relative compo-
nents only depend on measurements from the IMU, but
the IMU does not depend on data from the relative com-
ponent, the system can be split into two separate UKF
implementations. This reduces the execution time to or-
der O(43 + 153) for the split system as opposed to order
O(193) for a combined UKF formulation.

3.1 IMU UKF

As a robot is undergoing motion, at any time there is
a possibility of highly dynamic manoeuvres occurring
which may cause abrupt changes in acceleration, par-
ticularly in machines that experience unknown contacts
with the environment such as walking robots. To add



to this, the overall formulation of the joint sensor incor-
porates acceleration measurements at each timestep. As
such a constant jerk model is employed for the estima-
tion of the sensor states. In this case it is assumed that
both the angular and linear jerk terms are constant in
between timesteps and any change accounted for through
the addition of process noise via the UKF.

The vector ximu that contains the IMU states to be
estimated is given as

ximu =
[
ȧ a ω̈ ω̇ ω

]T
, (12)

where a = IaO is the linear acceleration of point O in the
inertial frame and ȧ is its associated jerk term. ω = IωB

is an estimation of the angular velocity of the body B
in the inertial frame and ω̇ and ω̈ are the associated
angular acceleration and jerk terms.

At each timestep k, for the sample time Ts the state
vector is updated by the UKF via the state model

ximuk
=


ä

ȧ + äTs
ω̈

ω̇ + ω̈Ts
ω + ω̇Ts + 1

2 ω̈T
2
s


imuk−1

+ vimuk−1
. (13)

In this model the vimu term accounts for any uncer-
tainty in the linear and angular components, particularly
the jerk and angular velocity components which have no
sensor directly associated with them. As such vimu is
seen as a tuning parameter for the UKF.

During the UKF update the state prediction as given
in (13) is corrected by an observation of the sensors at
each timestep k. The observation model yimu transforms
the predicted states into predicted measurements so that
they may be compared with actual sensor readings. The
observation model for the IMU component is taken di-
rectly from (5) and given as

yimuk
= Bk−1 + wimuk−1

. (14)

The observation noise vector wimu accounts for sensor
noise and is derived from the hardware data sheets.

3.2 Relative UKF

The relative component UKF formulation follows the
IMU component UKF and adopts a constant jerk model.
In this case the relative state vector

xrel =
[...
θ θ̈ θ̇ θ

]T
(15)

is comprised of the relative link angular jerk
...
θ , acceler-

ation θ̈, velocity θ̇ and relative link position θ.
The state propagation model for the relative compo-

nent is given as

Encoder

Figure 3: Sensor and UKF Data Flow.

xrelk =


...
θ

θ̈ +
...
θ Ts

θ̇ + θ̈Ts + 1
2

...
θ T 2

s

θ + θ̇Ts + 1
2 θ̈T

2
s + 1

6

...
θ T 3

s


relk−1

+vrelk−1
, (16)

again, where Ts is the sample time and vrel is the process
noise that accounts for any uncertainty in the process
model and serves as a tuning parameter for the relative
UKF component.

As in the IMU component the relative state prediction
xrelk is corrected by an observation of the sensors. In
this case the sensor readings are comprised of a single
accelerometer at point ArAa and an incremental encoder
that takes the relative angle between frames A and B,
and are stacked in the observation vector

yrel =
[
IaAa θenc

]T
. (17)

The observation model yrelk transforms the predicted
relative state xrelk into predicted measurements for the
accelerometer and encoder, which are then compared
with the sensor readings taken during the UKF update.

Expanding (7) and letting IaA = R(θ)IaO gives the
following observation model

yrelk =


IaAx − r(Iω2

Ay + Iω2
Az)

IaAy + r(Iω̇Az + IωAx
IωAy)

IaAz + r(Iω̇Ay + IωAx
IωAz)

θenc


relk−1

+ wrelk−1
.

(18)
Again, the observation noise wrel is assumed Gaussian

with values from hardware data sheets.
Figure 3 shows the flow of sensor information and the

cascaded UKFs as implemented in simulation.

4 Simulation Results

Simulation results of the joint sensor revolve around the
use of a two degree of freedom planar pendulum model



developed in SimMechanics (MathWorks, 2015). The re-
sults described in the following simulations are based on
a sensor unit as simulated being attached to joint two on
the pendulum model. The sensor UKF algorithms are
executed at a rate of Ts = 1 ms and all initial estimates
set to zero. Current results are limited to planar pendu-
lum simulations, however preliminary three dimensional
simulations show promising results.

The accelerometer and position sensors themselves are
simulated in SimMechanics with sensor noise and other
parameters being taken from the device datasheets. For
all accelerometers ST Micro LIS3DSH devices are con-
sidered with accelerometer signal noise, saturation and
digitisation (16 bits as offered by the sensor) being mod-
elled. These sensors have a noise density of 150µg/

√
Hz,

with a bandwidth of 50 Hz selected. The encoder is a
custom device based on an Austria Micro AS5311 device
with 18 bit resolution over a full rotation.

The noise density properties of the accelerometers and
encoder as taken from the device data sheets are used to
build the UKF measurement noise matrix R for both
estimators. In obtaining the process noise matrix Q a
discrete noise process is assumed, which in turn allows
the selection of a variance σ for each process. The noise
between the x̂, ŷ and ẑ axes is also assumed indepen-
dant. A programmed iterative approach to obtaining
the best performing σ values for each simulation was
adopted. IMU linear (σimulin) and rotational (σimurot)
values, along with the relative (σrelrot) values are pre-
sented in Table 2 for each simulation. Future work will
investigate and optimisation approach to obtaining the
variance terms.

The performance of the sensor was examined across
three simulations of the pendulum with the sensor being
attached to joint two to allow examining of the device as
it physically moved through space, while sensing the ro-
tation between the two links. Accelerometer placements
for the IMU component are such that a rectangular prism
is formed with an accelerometer at opposing corners with
origin O fixed on the origin of frame B. The placement
of the accelerometers is based on dimensions of the hard-
ware platform that the proposed sensor hardware is to be
tested on. In this case we take advantage of the length of
the robot link and extend the two forward accelerome-
ters up the link length in order to decrease the condition
of the matrix B and improve the quality of the sensor
output. The placements are given in Equation 19.

BrA1 =
[
−0.015 −0.026 0.026

]T
BrA2 =

[
0.1 −0.026 −0.026

]T
BrA3 =

[
0.1 0.026 0.026

]T
BrA4 =

[
−0.015 0.026 −0.026

]T
,

(19)

Figure 4: Simulation 1 — Highly Damped: Relative
Joint Data.

Similarly, the accelerometer on frame A is placed at
ArAa = [−r, 0, 0]T with r = 0.06 m.

Simulation−1 examines the sensor’s performance on
highly damped joints to investigate its performance at
low velocities and accelerations. Figure 4 shows the an-
gular jerk, acceleration, velocity and position estimates
of the relative component, along with the real values ex-
tracted from the simulation. The error terms are also
presented. Referring to Figure 4 and Table 1 it is evi-
dent that the sensor tracks all components successfully
when undergoing slow motions, with the angular jerk
and acceleration terms exhibiting more noise than the
velocity and position.

Simulation−2 investigates the sensor’s performance as
the pendulum undergoes low frequency and low ampli-
tude oscillatory motions. This allows examining the pe-
formance of the device under what are deemed typical
frequency and amplitude motions that a human or robot
may undertake. Again and with reference to Table 1, the
simulation shows positive results with the relative posi-
tion showing an RMS error lower than the maximum
resolution of the encoder, however it is evident that the
error terms are growing as the motions become more
dynamic. Figure 6 shows system convergence from the
initial states, with convergence taking about 30 ms.

The output of the sensor as taken from simulation−2
is compared to that of a simple successive derivative and



Table 1: Joint Sensor RMS Error

Damped Typical Chaotic

σimulin m s−3 10 10 15
σimurot rad s−3 10 10 70
σrelrot rad s−3 10 10 50
...
θ rad s−3 4.9805 15.5363 5630.0852

θ̈ rad s−2 0.0879 0.1667 35.1745

θ̇ rad s−1 0.0008 1.10× 10−3 0.1329
θ rad 1.27× 10−5 1.29× 10−5 0.0002
IaOx m s−2 0.1545 0.1547 0.9081
IaOy m s−2 0.1542 0.1547 1.7206
IaOz m s−2 0.1542 0.1542 0.1908
Iω̇Bx rad s−2 0.0008 0.0053 9.1769
Iω̇By rad s−2 0.0112 0.0051 2.9407
Iω̇Bz rad s−2 0.0078 0.2226 17.0427
IωBx rad s−1 0.0102 0.0002 0.2783
IωBy rad s−1 0.1616 0.0002 0.4004
IωBz rad s−1 0.0116 0.0005 0.4331

filter method applied to the quantised 18 bit encoder.
The position as taken from the encoder is differenti-
ated, then filtered with 1st order filter with alpha set
to α = 0.1. The same differentiation method is then
applied to the velocity and acceleration terms to gain
differentiated estimates of all four states. Figure 7 com-
pares the errors of the joint sensor and the differentiated
states. From this the benefit of the extra information
from the accelerometers is evident in both the acceler-
ation and velocity terms. Table 2 compares the typical
motion RMS error of the differentiated states and sensor
states, indicating that better estimates of the position
and jerk terms are also available from the sensor.

The effect of deviation in the accelerometer place-
ment in both the IMU and relative component was ex-
plored during simulation−2. In this investigation the ac-
celerometers were randomly placed within a cube centred
around their specified position, within the SimMechanics
simulation. The UKF estimators were only given infor-
mation about the expected position and were ran ten
times for each increasing placement variance. Table 3
shows the results with variance of up to 15mm about
the desired placing. This table shows promising results
toward the robustness of sensor misplacement within the
system.

Simulation−3 examines the sensor performance under
extreme dynamic motions. In this simulation damping of
the pendulum joints is disabled and the joint torque is set
to zero, resulting in highly chaotic motions. The relative
link simulation results are shown in Figure 8. This sim-
ulation highlights the limitations of the accelerometers
under high accelerations. As a result of the device con-
figuration, the accelerometers are limited at ±6g (about

Figure 5: Simulation 2 — Typical Motion: Relative Joint
Data.

Figure 6: Simulation 2 — Typical Motion: Relative Joint
Data Convergence Time.



Figure 7: Simulation 2 — Typical Motion: Relative Joint
Data Filtered Derivative Comparison.

Table 2: Derivative and Joint Sensor RMS Error

Derivative RMS Err Sensor RMS Err
...
θ rad s−3 19.601 15.536

θ̈ rad s−2 1.573 0.1667

θ̇ rad s−1 0.1492 1.10× 10−3

θ rad 1.39× 10−5 1.29× 10−5

Table 3: Accelerometer Placement Error

± mm 5 10 15
...
θ rad s−3 19.0309 26.9387 27.8745

θ̈ rad s−2 0.2430 0.3905 0.4110

θ̇ rad s−1 0.0018 0.0030 0.0032
θ rad 1.35× 10−5 1.57× 10−5 1.86× 10−5

Figure 8: Simulation 3 — Chaotic Motion: Relative
Joint Data.

60 m/s2) with the result being a saturated acceleration
signal as highlighted in Figure 9 at about 4.2 s. The satu-
rated signal propagates through the IMU estimation and
becomes apparent in the relative estimation (Figure 8) at
the same time, where it significantly affects the relative
acceleration estimation. This is also evident in Table 1
with the relative jerk and acceleration components hav-
ing large RMS errors. Aside from the saturation events,
the system still appears to perform well when undergoing
highly dynamic motions.

It is clear from the three simulations that the joint
sensor system does require some degree of tuning based
on the intended application. Table 1 shows that sensor
system performed well in both the damped and typi-
cal simulations, with no change in the variance required.
However variance tuning was required to obtain suit-
able performance when undergoing the chaotic motions
in simulation−3. This is to be expected given the nature
of the motions in simulation−3.

5 Future Work

Future work for the joint sensor includes extending the
simulation to account for accelerometer bias and off-axis
sensitivity and investigating more robust means of pro-
cess integration. Further simulation testing to explore
the performance of the device in three dimensions is also
planned. To resolve the acceleration measurement sat-
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uration issues, an investigation into employing the dy-
namic sensitivity adjustment available on the accelerom-
eter hardware is of interest, as is the investigation of low
resolution encoders to reduce cost. Joint sensor hard-
ware development is planned with an aim to investigate
the real world performance and compare the sensor to
other joint data estimators.

6 Conclusion

In this work a robotic joint sensor unit has been de-
rived by extending the accelerometer-only IMU formu-
lation to incorporate relative robotic link information.
The IMU data were extended and fused with encoder
information via the Unscented Kalman Filters to esti-
mate relative angular acceleration, velocity and position
and due to the use of the IMU, linear acceleration and
angular acceleration and velocity in the inertial frame
are also estimated successfully. Simulation of the sensor
shows promising results in tracking all states across a
range of motions, with some work required in improving
inertial frame angular velocity and addressing accelerom-
eter saturation issues.
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