
  

  

Abstract— Energy efficient locomotion with the amazing 

agility of humans and other animals remains a challenge for 

legged robots. Many existing joint mechanisms for legged 

robots use a serial configuration which gives compliance, 

however this may be sub-optimal for energy efficiency. This 

paper investigates the energy efficiency of legged joints for 

stationary jumping for three configurations of the elastic and 

actuator elements: series, parallel and without an elastic 

element. The key result is that significant energy savings are 

possible with a parallel configuration over the series and non-

elastic configurations for the range of typical animal and robot 

properties: mass, stance duty and toe jump height. While there 

are large regions where the series arrangement is more energy 

efficient, these are outside typical duty cycles and will be 

affected by significant impact losses. The results are obtained 

by optimizing a set of equations to find the minimum energy 

losses for stationary jumping. The scripts to generate the 

results are available as open source software. 

I. INTRODUCTION 

Humans and other animals traverse challenging terrain with 
amazing agility and high energy efficiency - something that 
remains a challenge for legged robots. In recent years the 
performance of legged robots has improved in particular due 
to advances in stable controllable locomotion. However, 
many legged robots remain tethered or carry high power 
generators, limiting their utility. This poor energy efficiency 
of electromechanical legs compared to their biological 
equivalents is despite the highly efficient conversion of 
electrical energy into mechanical energy in modern actuators. 

  Legged mechanisms consisting of actuators and springs 
are analogous to the function of muscle fibers (actuators), 
ligaments and tendons (springs). Actuators provide the input 
power either through torque or force; springs store energy by 
providing a cyclic conversion between kinetic and potential 
energy. Actuators and springs can be configured in series, 
parallel or a combination of both for compliance and to 
exploit energy savings.  

The most common approach for leg mechanisms is either 
a non-elastic actuator (NEA) configuration or a series elastic 
actuator (SEA) configuration [2]. Typical robotic legs make 
use of rotary actuators through high ratio gearboxes, 
necessitating the use of series elastic elements to mitigate 
impact forces. However, there have been recent 
developments in fully back-drivable linear actuators with 
high power densities, approaching human muscles [3]. Such 
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actuators make a parallel elastic actuator (PEA) configuration 
practically realizable, since no series spring is required to 
protect the actuator. Recent works have experimentally 
shown the potential of the PEA configuration [4-8]. 

This paper investigates the energy efficiency of legged 
joints for series, parallel and non-elastic configurations of the 
elastic and actuator elements for stationary jumping across a 
range of mass, stance duty and toe jump height. The key 
contribution is that the PEA has significant energy savings 
over the SEA and NEA configurations for typical legged 
animals and robots. There are large regions where the SEA is 
more energy efficient, however these are outside typical duty 
cycles for jumping and running. These regions correspond to 
short explosive motions, although impact losses will become 
significant at low duty cycles. This result is in direct contrast 
to the design of most joint mechanisms for legged robots that 
use a serial arrangement. Our results are for stationary 
hopping, however these results are applicable for energetic 
legged running motion which has been shown to be  
equivalent to hopping [9].  

The results in this paper are obtained by optimizing a set 
of equations to find the minimum energy losses across three 
parameters: mass, stance duty and toe jump height. The three 
configurations are compared across the same set of 
parameters to give relative results for particular design 
constraints. In particular, this analysis extends our previous 
work [10] to include the modeling of the inertial mass of the 
series spring and rotor which we demonstrate to have a 
significant effect on the energy efficiency. (Note that the 
moving part in a linear actuator is also called a rotor.) This 
analysis also includes the NEA configuration in the 
comparison, and removes the assumption that the body 
follows a particular motion. 

The following section reviews the relevant background 
material. Section 3 includes the derivation of the energy 
losses for the configurations. Sections 4 and 5 present the 
experimental method and results including a discussion and 
comparison with other work. Section 6 has the conclusion. 

II. BACKGROUND 

There are a large variety of approaches to increasing the 
energy efficiency of legged robots. With regards to the joint, 
Seok et al [11] proposes several design principles for 
reducing energy losses, such as high torque density motors, 
low impedance transmission, energy regeneration, and 
minimizing leg inertia. The design principles allowed them to 
produce a running quadruped with a similar energy 
performance characteristic to a real animal. There are a 
number of other high level approaches to improving the 
robot’s performance such as higher energy density batteries, 
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lowering the robot’s mass, improving restitution losses with 
better contact material.  

There have been numerous studies demonstrating the 
benefits of including elastic elements for legged robots. This 
includes improvements to compliance and energy efficiency. 
Experiments have shown that parallel elastic elements can 
lower power consumption for a bounding quadruped [4], a 
walking biped [6, 8] and a hopping monoped [7]. These 
results demonstrate that the parallel configuration is 
beneficial, however they do not provide a framework for 
comparison to other configurations. Grimmer et al [12] 
compares several elastic configurations and shows that the 
parallel element decreases peak power requirements and the 
series element decreases total energy requirements. This 
analysis contained a number of simplifying assumptions. 
Yesilevskiy et al [13] also compares elastic configurations, 
concluding that where there are large reflected inertias 
through a gearbox, the series configuration is most 
appropriate, largely due to impact losses. This analysis 
precludes the existence of fully back-drivable linear 
actuators. 

Energy efficiency is critically important in the usefulness 
of powered prosthetic limbs as it has a direct effect on the 
number of batteries that the user must carry and the time 
between recharging. Most current prosthetic leg limbs have 
short operating times in the order of several hours. Several 
prosthetic limbs have elastic elements. However, the 
selection of the elastic configuration was driven by the need 
for simplicity rather than energy efficiency [14]. 

There is also significant interest in the ability to change 
the effective stiffness of a joint. Part of this inspiration comes 
from a study that demonstrated that human runners will 
change their effective leg stiffness when transitioning 
between surfaces of differing hardness [15]. This has inspired 
a variety of mechanisms that allow for adjustment of the 
joint’s effective stiffness for series [16-20] and parallel [10] 
configurations. 

III. DERIVATION OF ENERGY LOSSES FOR THE ELASTIC 

CONFIGURATIONS 

The Spring-Loaded Inverted Pendulum (SLIP) model [21] is 
a widely used model of legged locomotion, approximating 
the leg as an ideal spring supporting a point mass body. 
Hence, SLIP is a specific form of sinusoidal motion given 
physical parameters. In this paper we don’t enforce the exact 
SLIP solution; instead, formulating the problem using the 
more general sinusoidal solution. However, note that it is 
possible for the solution to be SLIP motion if this is the most 
energy efficient solution. We integrate energy losses over the 
stance phase as no energy should be expended during the 
flight phase. This reduces the analytical solution to only 
considering a single set of equations of motion with known 
boundary conditions.  

This section compares the energy losses for the SEA, 
PEA and NEA configurations. The most energy efficient 
configuration is the one where the least energy is consumed 
for the same work. The equations for energy loss for the three 
configurations are derived as functions of mass, maximum 
toe height and stance duration. The SEA includes the second 
mass as a ratio of the body mass to the rotor and spring mass. 
For this analysis, stationary jumping is considered with a 

configuration of a linear spring, mass, damper and actuator 
and each configuration is shown in Figure 1. 

In this work we focus on the losses due the actuator 
during stance, ignoring the impact losses. Raibert [22] 
concluded for a 2D planar hopper, of a similar form to this 
analysis, that the impact losses are proportional to the 
fraction of the total mass accounted for by the toe. In their 
application, impact losses were 5% of the total system energy 
corresponding to the fact that the toe was 5% of the total 
mass, whereas stance losses were much higher at 25% of the 
total system energy. This indicates that not only are impact 
losses much less significant than stance losses, but that they 
can also be mitigated by simply reducing the mass of the toe 
which is desirable for many other reasons.  

A. Force Models 

This subsection derives the force models for the three 
configurations and provides practical limits for a realistic 
comparison. 

Assuming 𝑥 follows a sinusoidal path the general form of 
𝑥 for the body can be given by 

 𝑥 = −𝐴 sin(𝜔𝑡 + 𝜎) + 𝐷  (1) 

where 𝜔 is the frequency, 𝐴 is the amplitude, 𝜎 is the phase 
offset and 𝐷 is the displacement. Assuming that the 
displacement at the beginning of the stance phase is equal to 
the displacement at the end gives the following equations 

 𝑥(0) = 𝑥(𝑇)  (2) 

  �̇�(0) = −�̇�(𝑇)  (3) 

where 𝑇 is the stance duration. This means that the work 
performed by the three configurations will be identical. Given 
these constraints the consistent solution is given by 

 𝜔𝑇 + 𝜎 = 2𝜋𝑁 + 𝜋 − 𝜎 (4) 

where 𝑁 ∈ ℤ. If we consider only one period of motion, then 
𝜔 can be constrained in terms of 𝜎 and 𝑇 as 

 𝜔 =  
𝜋−2𝜎

𝑇
 (5) 

Additionally by assuming a fixed jump height ℎ and 
solving for  �̇�(0) then 𝐴 can be constrained as  

 𝐴 =  
𝑇√2𝑔ℎ

( 𝜋−2𝜎)cos (𝜎)
 (6) 

The force equations for the three configurations from 
Figure 1 are derived to be 

 𝐹𝑃 = 𝑚�̈� + 𝑑�̇� + 𝑘𝑥  (7) 

 

Figure 1. This figure shows the parallel elastic actuator (PEA), the series 
elastic actuator (SEA)  and the non-elastic (NEA) configurations. The 

second mass in the SEA represents the spring and rotor. The SEA model is 

equivalent to one with the spring and actuator swapped. This form was 
chosen for simplicity in the analytical derivation. 



  

 𝐹𝑆 = 𝑚2�̈̂� + 𝑘(�̂� − 𝑥)  (8) 

 𝐹𝑁 = 𝑚�̈� + 𝑑�̇�  (9) 

where �̂� is given by 

 �̂� = 𝑥 +
𝑚1�̈�

𝑘
+

𝑑�̇�

𝑘
 (10)  

B. Actuator losses 

This subsection derives the actuator losses. In an 
electromechanical system the losses are predominantly due to 
the electrical resistance in the actuator. The power losses are 
given by 

 𝑃 = 𝐼2𝑅 =
𝐹2

𝑘𝑇
2 𝑅 ∝ 𝐹2  (11) 

where 𝐼 is the instantaneous current, 𝑅 is the coil resistance, 
𝐹 is the instantaneous actuator force and 𝑘𝑇 is the torque 
constant of the linear actuator. This can be integrated over the 
stance phase to determine the energy losses. 

 𝐸 ∝ ∫ 𝐹2
2𝜋

𝑤
0

  (12) 

For the PEA, by integrating Equation 7 and accounting for 
Equations 5 and 6 the actuator losses are given by 

𝐸𝑃  ∝  
2𝜋𝑔ℎ

cos2(𝜎)
(

𝑚2(𝜋−2𝜎)

𝑇
+

𝑘2𝑇3

(𝜋 −2𝜎)3 +
(𝑑2−2𝑚𝑘)𝑇

(𝜋−2𝜎)
) +

2𝜋𝑘2𝐷2𝑇

(𝜋−2𝜎)
   

  (13) 

Similarly for the SEA, by integrating Equation 8 while 
still accounting for Equations 5 and 6 gives 

 𝐸𝑆 ∝
2𝜋𝑔ℎ

cos2(𝜎)
(

𝑚1
2𝑚2

2

𝑘2

(𝜋−2𝜎)

𝑇5

5
+ (

𝑚2
2𝑑2

𝑘2
−

2𝑚1𝑚2
2

𝑘
−

2𝑚1
2𝑚2

𝑘
)

(𝜋−2𝜎)

𝑇3

3
+

(𝑚2
2 + 𝑚1

2 + 2𝑚1𝑚2 −
2𝑚2𝑑2

𝑘
)

𝜋−2𝜎

𝑇
+

𝑑2𝑇

(𝜋−2𝜎)
)  (14) 

The NEA losses is given by integrating Equation 10 as 

 𝐸𝑁  ∝  
2𝜋𝑔ℎ

cos2(𝜎)
(

𝑚2(𝜋−2𝜎)

𝑇
+

𝑑2𝑇

(𝜋−2𝜎)
)  (15) 

C. Optimising the Losses 

For the PEA the optimal value for 𝐷 in (1) was found by 
partially differentiating 𝐸𝑃 with respect to 𝐷 and solving for 
𝜕𝐸

𝜕𝐷
= 0. This gives a minimum energy value for 𝐷 = 0 and 

removes the last term from the energy equation for the PEA. 
The equations for the optimal 𝑘 were derived the same 

way by partially differentiating with respect to the variables 𝑘 
and 𝜎 and solving for the PEA and SEA spring stiffnesses. 
The equation for optimal spring stiffness for the PEA gives 

 𝑘𝑃 =
𝑚𝜋2

𝑇2  (16) 

and the SEA is given by 

 𝑘𝑆 =  
𝑚2𝜋2(𝑇2𝑑2 +𝜋2𝑚12)

𝑇2(𝑇2𝑑2 +𝜋2𝑚1
2 +𝜋2𝑚2𝑚1)

   (17) 

 
These optimal spring stiffnesses are in many cases not 

physically realizable. In order for this model to be realised, 
constraints are applied to several parameters. This includes 
practical limits on the spring stiffness 𝑘, the deflection of the 
body 𝑥, and the deflection of the series spring �̂� (which is the 
same as the deflection of the rotor mass 𝑚2). 

The spring constant 𝑘 is limited to a minimum of 1kNm
-1

 
which is a minimum realistic spring value. This limit 

prevents the optimal spring values from becoming 
unreasonably low at longer stance durations, often in the 
range of 10−2 Nm

-1
. 

Providing a practical limit to the deflection of the body 
prevented unreasonable deflections of the body relative to the 
jump height. Following [23], an assumption was made that a 
reasonable maximum deflection for the three configurations 
is twice the jump height.  This is a limit on the amplitude, 𝐴, 
of the body mass. Since 𝐴 is not a system parameter, 
Equation 6 has been rearranged to realise this limit in terms 
of 𝑇 and is given by 

 𝑇 <  
2ℎ( 𝜋−2𝜎)cos (𝜎)

√2𝑔ℎ
 (18) 

We specify an additional limit for the SEA on the 
deflection of the inertia mass, 𝐷𝑚𝑎𝑥  to prevent unreasonable 
deflections of the spring and rotor mass. This was assumed to 
be the jump height; which intuitively is less than the 
deflection of the body as shown in Figure 2. The limit on the 
amplitude of Equation 11 is given in terms of a minimum 
spring constant  

 𝑘 >
𝐷𝑚𝑎𝑥

2 +𝑚1
2𝜔2

𝑚1+ 
1

𝐴𝜔
√−𝐴2𝑑2+𝐷𝑚𝑎𝑥

2 𝑑2+𝐷𝑚𝑎𝑥
2 𝑚1

2𝑤2
 (19) 

IV.  EXPERIMENTAL METHOD 

In order to compare the energy losses for the series, parallel 
and non-elastic configurations the optimal spring constant 
𝑘 was calculated. This value was then compared to the limits 
of the spring constant and the maximum inertia for the SEA 
in order keep the equations realizable, and set accordingly. 
The minimum energy values for 𝜎 were found numerically 
using a constant set of parameters and a Nelder-Mead 
simplex direct search in MATLAB as a closed form solution 
was unable to be obtained. These optimal values were used in 
the three energy loss equations to give a function of the 
minimum 𝑘, the minimum 𝜎 and the system parameters; 
mass, stance duty, and jump height. 

Instead of varying the individual masses, the sum of the 
masses is fixed at 𝑚1 + 𝑚2 = 𝑚, and the variable 𝛼 is 
introduced such that 

 𝛼 =
𝑚2

𝑚1+𝑚2
  (20) 

Stance duty is the ratio of the stance duration to the total 
cycle time. The results show the minimum energy solution 
and the most efficient configuration for a sweep of the mass, 
toe jump height and stance duration parameters. This is 
repeated for three values of 𝛼 ∈ [0.1, 0.3, 0.6]. The damping 
is fixed at 0.1 Nsm

-1
 and the minimum spring constant is 

fixed at 1kNm
-1

.  

 
Figure 2. This diagram shows the constraints on the maximum 

displacement of the series spring and rotor and the maximum displacement 

of the body relative to jump height. 

 



  

 

  

 

 

 

 
Figure 3. The figure shows three sets of graphs for the most efficient configuration for the parameter sweep. The efficient configuration show the regions 

where PEA (white) and the SEA (grey) are most efficient. The black represents the region with infeasible stance durations due to the maximum deflection 

criterion. The three sets of graphs represent (top to bottom) 𝛼 =  0.1, 𝛼 =  0.3 and 𝛼 =  0.6. The non-elastic configuration doesn’t appear as it is never 
more efficient. Commonly the stance duty cycle (for both animals and robots) falls into the range of 0.35 - 0.45 [1], below which the unmodelled impact 

losses become significant. 

 

Figure 4. This shows the corresponding energy levels for the most efficient configurations where 𝛼 =  0.1 which is equivalent to animals and backdrivable 

actuators. There are significant jumps in the energy levels where due to the imposed limits the configurations are unable to reach their optimal spring 
stiffnesses. The lowest energy losses are for small stance duty. This figure can be compared to Figure 3 to see the optimal configuration. 

 

 



  

In order to explore the effects of considering the inertia of 
the motor for the SEA, the results include a sweep across 𝛼 
for fixed parameters.  

The MATLAB scripts to generate the results are available 
online. 
(https://wiki.qut.edu.au/display/cyphy/Skippy,+the+robot+ka
ngaroo) 

V. RESULTS 

Figure 3 shows the best configuration results for the sweep of 
mass, stance duty and toe jump height for the three 
configurations. The boundary between where the PEA and 
SEA are optimal has a complex shape in the stance duration. 
Above this limit the energy requirements for both SEA and 

PEA increase exponentially. This is the point where, due to 
the imposed limits, the optimization for the parallel 
arrangement is unable to reach the optimal spring stiffness 𝑘. 
The NEA does not appear on these plots as it is never more 
efficient than the other configurations.  

Figure 4 shows the lowest energy losses are for small 
stance duty cycles. However, due to the assumption that the 
initial and final velocity of the body mass is equal in the 
stance phase, the model doesn’t include impact losses, which 
become significant at short stance durations. These losses 
would have a substantial effect in lowering the energy 
efficiency in this lower band, and as such it would be 
ineffective to design energy efficient legged robots to operate 
within this region. 

The lower regions show that the SEA is the most efficient 
for small stance ratios. This indicates that for short stance 
durations and explosive motions the SEA might be efficient if 

 
Figure 6. This graph shows where the PEA is more energy efficient (white) 

and where the SEA is more efficient (grey) for a range of mass and jump 

heights. Overlaid on this graph is the mass and jump height for animals 
(diamonds) and robots (crosses). The graphs shows that the region where 

the PEA is the most efficient is also the typical operating range for these 

animals and robots. Note the NEA does not appear in the figure as it is 
never more efficient. The details for the animals come from [1]. 

 

 

Figure 7. This graph shows the limiting effect of the maximum deflection 
and minimum spring constant on the energy losses. The dashed lines 

indicate the stance duration above which the maximum deflection criterion 
affects the result. The SEA transitions into sub-optimal spring constants 

significantly before the PEA, hence this region where the PEA is more 

efficient. 

 

Figure 5. The different regions present in the 𝑎 = 0.1 plots, showing the limits that are in effect in those regions. The significant limitation that allows the 
PEA to be more efficient is the limitation on the deflection of the SEA mass. 

 



  

 

Figure 8. This graph compares the PEA with the SEA for a sweep of 𝛼, 
which is the ratio of the body mass to the actuator inertial mass for the SEA. 
The result shows that the ratio in the SEA has a significant effect on the 

energy losses. 

impact losses are small. The typical stance ratio for animals is 
in the range 0.35 – 0.45 [1]. This corresponds to the region 
where the PEA is the most efficient configuration. 

For the sweeps of mass and jump height there is a linear 
relationship that defines the boundaries between the energy 
efficient SEA and PEA. The PEA is more energy efficient 
where ℎ <  𝐶𝑚, where 𝐶 is a constant dependent on other 
system parameters. Figure 6 shows a number of animals and 
robots overlaid on a plot of the most efficient configuration. 
It can be seen that despite the presence of large regions where 
the SEA is more efficient, typical robots and animals are in a 
region where the PEA is the most efficient. 

 The effect of limiting the deflection of the inertia mass 
has the SEA transitioning into sub-optimal spring constants at 
much lower stance durations than the PEA. This effect is seen 
in Figure 7, indicated by the red dashed line. As the stance 
duration increases past this point the energy losses in the 
SEA increase rapidly, allowing the PEA to become more 
efficient. This effect continues up to the point where the body 
deflection limit causes both configurations to become sub-
optimal (indicated by the black dashed line for the PEA). 

A. Effect of SEA Actuator Inertia 

Figure 8 shows the effect of changing the ratio between the 
actuator and spring inertia and the body inertia for the SEA as 
compared to the PEA. It can be seen that when 𝛼 is large or 
small the PEA is the most efficient choice, whereas there is a 
region of moderate values of 𝛼 where the SEA becomes the 
most optimal choice. 

Previous analyses have assumed that this mass is 
negligible (𝛼 = 0), however, this figure shows that this is an 
important consideration for the SEA. Ignoring the inertia of 
the actuator can require as much as 106 times more energy 
with all other things equal, compared to the minimum energy 
for an optimal choice of 𝛼. 

For many animals, an expected value for 𝛼 would be very 
small. In electromechanical systems, small values of 𝛼 
correspond to fully back-drivable actuators without a 
gearbox, whereas large values of 𝛼 correspond to actuators 

with a high reflected inertia through a high ratio gearbox. In 
both of these real world situations, the PEA is the more 
energy efficient choice. The region where the SEA is more 
efficient could be realized through a fully back-drivable 
actuator with additional inertia added to the rotor. However, 
the increased weight on the leg would likely lead to 
additional issues with balancing for a planar or unconstrained 
robot. 

B. Comparison to other work 

Our conclusion that the PEA is more efficient is different 
from the result from Grimmer et al [12]. A fundamental 
difference is that their research focuses on prosthetic limbs 
for forward locomotion, whereas this work only considers 
whole body stationary jumping. In addition, there are two 
other differences that impact on the results. The first is that in 
this paper, the configurations are compared for energy losses 
using the same set of parameters for the three configurations. 
This allows a direct comparison, which gives a relative result 
for particular design constraints. The second is that the series 
model in this paper includes a second mass representing the 
rotor and spring. The previous subsection has shown that the 
ratio of this mass to the body mass makes a significant 
difference to energy losses.  

VI. CONCLUSION 

The move towards highly efficiency legged robots will 
require research across a range of aspects such as increasing 
battery density, increasing actuator strength, design of 
optimal controllers, and minimizing mass and inertia. This 
paper presents an investigation of one aspect of designing 
joints for legged robots, namely the configuration of an 
elastic element and the actuator.  

The results in the paper show where the PEA and SEA 
are the most efficient across key system parameters. 
However, all surveyed robots and animals fall into a region 
where the PEA is the most efficient for jumping motion. 
Intuitively, in the PEA, the spring will provide the majority 
of the force required by the joint, and the actuator need only 
supply the energy to account for the losses or deal with 
disturbances. 

For very short stance durations the SEA is more efficient. 
This suggests that it is potentially more efficient for explosive 
motions, compared to the sustained motions for which the 
PEA is more efficient. 

Our results show that the rotor and spring inertia has a 
substantial effect on the energy losses of the SEA. 
Consequently, high ratio gearboxes can have a remarkably 
detrimental effect on the overall energy efficiency of the 
SEA.  

Future work will aim at extending this analysis to a 
running robot and validation with physical prototyping. 
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