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Abstract

The present article presents an iterative filter
approach for the computation of optical-flow.
The filter is based on an update and propa-
gation loop. The propagation stage takes the
currently computed flow to predict the value
at the next time iteration. The update stage
takes this prediction, together with the stream
of images, and corrects the optical-flow field.
This leads to an incremental approach to build
optical-flow. Regions of the image where no
flow computation is possible are filled in by a
diffusion term in the propagation step. Ground
truth validation of the algorithm is provided by
simulating a high-speed camera in a 3D scene.
The local computations and convolution based
implementation is well suited for real-time sys-
tems with high-speed and high-acuity cameras.

1 Introduction

The latest sensor technology and embedded computing
systems enables the development of a new class of inte-
grated vision sensing systems that we term Rapid Embed-
ded Vision (REV) Systems: that is, systems with high
frame rate (typically ten to a hundred times faster that
the natural dynamics of the environment in which it is
embedded), sufficient acuity to distinguish all objects
of interest, and integrated inertial measurement systems
and data processing capabilities. An example of such a
system is the FastVis system developed by MadJ Inno-
vations [FastVis, 2014] with a frame rate of 340 images
per second and resolution of 2 Megapixels, that has the
potential to provide REV system functionality for a wide
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range of highly dynamic mobile robotic applications. A
characteristic of such systems, however, is that the full-
rate, full-resolution image data rate is so large, of the
order of Gigabits per second, that it is impossible to
consider transmitting the data off camera for external
processing. Special algorithms are required that exploit
the particular properties of the image sequence expected
and embedded processing capabilities that are integrated
into a REV system.

Dense optical-flow is a powerful cue for motion control
of robotic vehicles. Optical-flow has been used for ob-
stacle avoidance [Coombs et al., 1998] and docking ma-
noeuvres [Santos-Victor and Sandini, 1997; McCarthy
and Barnes, 2004; McCarthy et al., 2008]. It has been
heavily studied by biologists investigating control strate-
gies of animals and insects [Ruffier and Franceschini,
2005a; Srinivasan and Zhang, 2004; Chahl et al., 2004;
Srinivasan et al., 2006]. Recently proposed methods for
computing dense flow fields yield impressive results in
terms of accuracy against ground-truth sequences such
as the Middlebury dataset [Baker et al., 2011] and the
MPI Sintel dataset [Butler et al., 2012]. The compu-
tational complexity of state-of-the-art algorithms, how-
ever, make them impossible to implement in real-time for
any REV system, even with the most powerful integrated
field-programmable gate array (FPGA) or graphics pro-
cessing unit (GPU) computing facilities. Existing real-
time optical-flow sensing systems [Honegger et al., 2013;
Plett et al., 2012; Diaz et al., 2006] for mobile robotic
applications use either simple correlation based algo-
rithms [Lucas and Kanade, 1981; Srinivasan, 1994], cus-
tom hardware such as mouse chips [Beyeler et al., 2009],
simple optical analogue sensors [Ruffier and Frances-
chini, 2005b], or neuromorphic chips [Benosman et al.,
2014]. These algorithms and hardware systems, to the
authors knowledge, still use a classical optical-flow com-
putational paradigm where only a few frames at a time
are used to make a complete estimate of the optical-flow,
and this information is not propagated to future esti-
mates. For a REV system, hundreds of images are avail-
able every second, each frame very similar to the previ-
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ous one, and classical processing paradigm experiences
significant limitations since there is insufficient variation
in just a few sequential images to properly constrain the
optical-flow estimate. Filtering type approaches for the
computation of optical-flow [Black and Anandan, 1991;
Heeger, 1988; Fleet and Langley, 1995] that exploit the
stream of image data appear better suited for implemen-
tation on REV systems.

The present paper proposes a filter type iterative al-
gorithm for the computation of optical-flow. An update-
propagation loop architecture similar to the work by
Black [Black, 1992] is employed. In the propagation step
the present best estimate of flow field is propagated for-
ward to a guess of the flow at the next time instant.
This process is modelled as a transport PDE system
[Thomas, 1995] where the optical flow field gets trans-
ported by itself. This allows us to define the propagation
as a non-linear transform of the flow field, rather than
using warping and re-sampling strategies. Following the
propagation, the new image information is used to make
an incremental update the flow estimate. This update is
based on the constant brightness constraint [Barron et
al., 1994] plus a prior regularisation term. An averaging
process introduces a diffusion into the propagation stage
of the filter that allows the flow estimates to diffuse into
regions of the image with poor or no texture. The pro-
posed approach can easily be implemented as a series of
convolutions and basic arithmetic operations suitable for
implementation on an FPGA.

The paper is organised as follows: Section 2 develops
the theoretical insight of the proposed filter. Section 3
handles the implementation details of the filter. Experi-
mental validation of the algorithm against ground-truth
data is provided in Section 4. The paper is closed with
a discussion on the computational complexity of the al-
gorithm in Section 5 and conclusions in Section 6.

2 Problem Formulation

The goal of this paper is to develop an algorithm for
the efficient computation of an optical-flow field Φ for a
sequence of images. We consider the optical-flow com-
puted at a given pixel at a given time as a sampled ver-
sion of a spatio-temporal flow field Φpix/s(t, ζ) in contin-
uous time coordinate t and continuous spatial coordinate
ζ. Let τ be a scaled time variable τ = σt for σ the frame
rate of the vision system. That is, τ = k corresponds to
the time t at which frame k was sampled. Writing the
flow in the new scaled time variable gives

Φ(τ, ζ) = Φpix/s(τ/σ, ζ) = Φpix/s(t, ζ)

where Φ(τ, ζ) is measured in pixels per frame. To obtain
a computable algorithm we must use a finite dimensional
representation of the optical flow field Φ(τ, ζ). We choose
a grid of control points {ξr} across the image indexed

by r = 1, . . . , Nr. The flow estimate at a control point
ξr at time k will be denoted

Φrk := Φ(k, ξr).

For dense optical-flow it is desirable to have a dense
grid of points {ξr} with sufficient resolution to represent
the natural structure of the environment. However, since
image texture is generally much higher resolution than
environment structure, it is rarely necessary to have the
same density of control points as pixels. We note in
addition that it is not required that control points are
located at pixel centres, although this is often simplest
choice.

propagation

update
image

model

Figure 1: Proposed filter architecture. During the image
acquisition process, the old flow vector field Φk is prop-
agated to an estimate Φk+ of the expected flow at time
k + 1. New image data at time k + 1 is used to identify
image parameters ( a0 k+1, a

1

k+1), that are in turn used
to update the propagated Φk+ to obtain a new flow es-
timate Φk+1 at time k + 1.

The data considered is a sequence of images Yk from
a Rapid Embedded Vision (REV) sensor system as de-
scribed in the introduction. Analogous to the flow field,
we will assume that the measured image is sampled from
a spatio-temporal continuous “image” Y (τ, ζ) where we
use the same time scaling as introduced above. The mea-
sured image is given by a spatio-temporal average

Yk(ξ) ≈
∫ k+∆k

k−∆k

∫
Λξ

Y (τ, ζ)dζdτ

over sample period τ ∈ (k−∆k, k+∆k) and field-of-view
Λξ of pixel ξ of the full continuous spatio-temporal image
Y (τ, ζ). The sampling process is physically implemented
in the CMOS array of the image sensor.

The proposed approach is based on a filter architec-
ture that aims to incrementally build an estimate of the
optical-flow field by exploiting the spatio-temporal na-
ture of the data stream. The algorithm architecture
(Figure 1) consists of a propagation stage that takes the
current estimated flow and estimates the new flow one
time step in the future, and a measurement update in
which new image data is used to correct the current
optical-flow estimate. A preprocessing stage extracts
model parameters from the image, which in turn are used
as input data for the filter loop. Moreover, we employ a
local processing paradigm. That is around every control
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point we define a support region Ωr, such that only the
image and state data in Ωr will contribute to the flow
estimate computed at ξr. For example, the propaga-
tion step takes the flow field Φrk from the local domain
Ωr around ξr and computes the new estimate of the
propagated flow Φrk+ at the control point ξr. Similarly,
the incoming image information Yk in the domain Ωr is
used to produce image parameters a0 r

k+1, and a1 r
k+1 as-

sociated with estimates of the mean image intensity and
mean image gradient at the control point ξr, and used
in turn to update the flow estimate Φrk+ . In practice,

the support domains {Ωr} must overlap in order for the
proposed algorithm to propagate information beyond the
local neighbourhood of a single control point.

2.1 State propagation

The propagation stage takes the current estimate of
optical-flow Φrk in the domain Ωr and uses this infor-
mation to “propagate” the flow and predict the expected
flow value Φrk+ at time k+1. We use the partial notation
k+ to indicate an estimate of the flow at time k+1 based
only on past information. In the update step, described
in §2.3, the new image information Yk+1 will update Φrk+
to an estimate Φrk+1 that is based on all available past
and present information.

Consider the underlying smooth spatio-temporal vec-
tor field Φ(τ, ζ) in continuous variables τ and ζ. The
vector field Φ(τ, ζ) defines a local flow on a domain Ωr

around time τ = k

d

dτ
ζk(τ ; ζ̊) = Φ(τ, ζk(τ ; ζ̊)), ζk(k; ζ̊) = ζ̊ ∈ Ωr. (1)

Assuming that Φ(τ, ζ) is locally continuous then classical
ODE theory ensures that there exists a δk > 0 such
that the solution ζk(τ ; ζ̊) to (1) exists and is unique on
τ ∈ (k − δk, k + δk).

The transport process is based on the assumption that
the variable being propagated does not change indepen-
dently with time [Thomas, 1995]. That is time change
of the variable at a point in space is purely due to trans-
port of the variable by the flow ζk(τ ; ζ̊). Applying this
assumption to the vector field Φ(τ, ζ) transporting itself
we get the transport identity

Φ(τ, ζk(τ ; ζ̊)) = Φ(k, ζ̊). (2)

for τ ∈ (k − δk, k + δk). That is, the propagated flow
is (locally) just a parallel transport of the flow field de-

fined at time τ = k along trajectories ζk(τ ; ζ̊). In par-

ticular when ζ̊ = ξr this provides an integral condition
on the value of Φ(τ, ζk(τ ; ξr)) along a flow curve passing
through ξr at time τ = k. Since d/dτΦ(k, ξr) ≡ 0, the
right-hand side of (2) does not depend on τ , then taking

the total time differential and evaluating at τ = k yields

0 =
d

dτ
Φ(τ, ζk(τ ; ξr))|τ=k (3)

=
∂

∂ζ
Φ(k, ζ)

∣∣∣∣
ζ=ξr

· d

dτ
ζk(τ ; ξr)

∣∣∣∣
τ=k

+
∂

∂τ
Φ(τ, ξr)

∣∣∣∣
τ=k

.

Note that from (1)

d

dτ
ζk(τ ; ξr)

∣∣∣∣
τ=0

= Φrk. (4)

We will introduce a notation for the Jacobian of the
spatio-temporal flow field

Jrk :=
∂

∂ζ
Φ(k, ζ)

∣∣∣∣
ζ=ξr

. (5)

That is the Jacobian Jrk ∈ R2×2 is a spatial partial dif-
ferential of the flow field Φ(τ, ζ), at time τ = k, and
evaluated at the control point ζ = ξr. Then rearranging
(3) yields

∂

∂τ
Φ(τ, ξr)

∣∣∣∣
τ=k

= −JrkΦrk. (6)

Note that this relationship only holds at τ = k and
ξ = ξr, however, by discretizing this relationship we will
obtain a numerical formulae for the time evolution of Φr

at control points {ξr}.
We approximate the partial time derivative of the flow

in (6) by a first order forward Euler estimate

∂

∂τ
Φ(τ, ξr)

∣∣∣∣
τ=k

≈ Φrk+ − Φrk, (7)

where Φrk+ is the forward estimate of the flow and we
recall that unit time step in τ is a sample period. Sub-
stituting (7) into (6) and solving for Φrk+ one obtains

Φrk+ = (I2 − Jrk)Φrk. (8)

where I2 is the 2× 2 identity matrix. The previous flow
estimate Φrk is an internal state of the algorithm and the
Jacobian Jrk must be computed numerically from Φrk in
the neighbourhood Ωr as we will discuss in Section 3.1.
The choice of a forward Euler step for the time-derivative
is the simplest and most naive choice of numerical im-
plementation and more sophisticated numerical integra-
tion schemes could be considered depending on compu-
tational resources available.

2.2 Image Model

Consider a neighbourhood Ωr of a reference pixel ξr =
(xr, yr). Within this neighbourhood, we approximate
the image intensity by an affine function

Ŷ rk (ζ) = a0 r
k + a1 r

k(ζ − ξr), ζ ∈ Ωr (9)
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with a0 r
k ∈ R an estimate of the average image intensity

of the image over Ωr, and a1 r
k = ( ax r

k, a
y r
k) ∈ R1×2 an

estimate of the image intensity gradient. Note that the
image model is expressed in the continuous variable ζ
although it can be easily be computed at pixel locations
ζ = ξ ∈ Ωr when required.

The image parameters ( a0 r
k, a

1 r
k) are characterised as

the solution to a least squares cost optimisation prob-
lem. It is numerically advisable to introduce a weighting
function w(ξ; ξr) to the least squares cost in order to al-
low more flexibility in smoothing discontinuities in the
image. A robust estimate of image model parameters
can be achieved by solving the weighted cost function

ε1( a0 r
k, a

1 r
k) =

∑
ξ∈Ωr

w(ξ; ξr)|Ŷ rk (ξ)− Yk(ξ)|2 (10)

=
∑
ξ∈Ωr

w(ξ; ξr)| a0 r
k + a1 r

k(ξ − ξr)− Yk(ξ)|2

We will show how this least squares problem can be
solved efficiently using convolutions in Section 3.2.

2.3 Measurement update

The update stage of the filter aims to correct the cur-
rent estimate of optical-flow Φrk+ , obtained in the prop-
agation stage, by using new available image data. This
stage in the proposed algorithm is based on the con-
stant brightness assumption of classical optical flow al-
gorithms [Barron et al., 1994]; an assumption that can
also be characterised as a transport identity. The con-
stant brightness assumption for the full spatio-temporal
image can be written

Y (τ, ζk+1(τ ; ζ̊)) = Y (k + 1, ζ̊), (11)

where ζk+1(τ ; ζ̊) is given by (1) and τ ∈ (k+1−δk+1, k+
1 + δk+1). That is the image intensity is the transport

of the intensity at the point ζ̊ along the flow ζk+1(τ ; ζ̊).

The full spatio-temporal image is not available, only
the sampled version Yk(ξ) is measured. A continuous
spatial approximate model of the image is provided by
the image model Ŷ rk+1(ζ) defined in Section 2.2. We
extend this model implicitly to a spatio-temporal model
in the vicinity of a point (k+ 1, ξr) using the analogy of
the transport identity (11)

Ŷ rk+1(τ, ζk+1(τ ; ζ̊)) := Ŷ rk+1(ζ̊).

This approximation of the “true” spatio-temporal image
is used to compute the update stage of the algorithm.

Using the initial condition ζ̊ = ξr, taking the total
time differential of (11), and evaluating at τ = k + 1

yields

0 =
d

dτ
Ŷ rk+1(τ ; ζk+1(τ ; ξr))

∣∣∣∣
τ=0

=
∂

∂ζ
Ŷ rk+1(k + 1; ζ)

∣∣∣∣
ζ=ξr

· Φrk+1 (12)

+
d

dτ
Ŷ rk+1(τ ; ξr)

∣∣∣∣
τ=k+1

recalling (4).
From the image model (9) one may write

∂

∂ζ
Ŷ rk+1(k + 1; ζ))

∣∣∣∣
ζ=ξr

=
∂

∂ζ
Ŷ rk+1(ζ))

∣∣∣∣
ζ=ξr

= a1 r
k+1, (13)

Using a backward Euler discretization in the tem-
poral variable along with the approximation that
Ŷ rk+1(k; ξr) = Ŷ rk (ξr) one obtains

∂

∂τ
Ŷ rk+1(τ ; ξr)

∣∣∣∣
τ=k+1

≈ a0 r
k+1 − a0 r

k, (14)

Substituting into (12) yields

a1 r
k+1Φrk+1 + a0 r

k+1 − a0 r
k ≈ 0 (15)

where the approximate equality comes from the nature
of the approximations made.

Equation (15) can be thought of as providing infor-
mation about the flow Φrk+1 in the form of a constraint
equation. The information is not complete, indeed, only
the component a1 r

k+1Φrk+1 of the flow in direction of the
image gradient contributes to (15). In classical flow com-
putation [Barron et al., 1994] this property is known as
the aperture problem and is a numerical issue for classi-
cal algorithms since the full flow estimate must be com-
puted at every time instant. In the proposed algorithm,
we trade off between the new information provided by
(15) and the prior estimate Φrk+ using a least squares
criterion.

Let γ > 0 be a suitable positive constant and consider
the least squares cost function

ε2(Φ) =| a1 r
k+1Φ + a0 r

k+1 − a0 r
k|2

+ γ‖Φ− Φrk+‖
2 (16)

The updated flow estimate is chosen to be

Φrk+1 := arg min ε2(Φ). (17)

Details of the numerical implementation are given in Sec-
tion 3.3. The relative scaling factor γ can be thought of
as encoding the trade-off between propagated flow prior
information and new information. If the image data is
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noisy and poorly conditioned, then γ should be chosen to
be large, while if the knowledge of the flow is poor then
γ should be chosen to be small. It is important that γ
is always chosen to be positive since the least squares
cost is ill-conditioned for γ = 0, the classical aperture
problem.

Note that when a1 r
k+1 = 0 then the left-hand term in

(16) does not depend on Φrk+1 and the new flow estimate
is equal to Φrk+ . That is if the image has zero gradient

then Equation (15) does not contain any information on
the optical-flow. In particular, the amount of informa-
tion contained in (15) is proportional to the magnitude
of the image-gradient. In practice, new information on
the flow field is most available in regions of the image
where the image gradient is high, i.e., at edges.

3 Implementation Details

The proposed algorithm admits a simple, computation-
ally friendly, implementation in terms of image convo-
lutions and simple matrix multiplications. This section
discusses the details for computing the image model pa-
rameters and the propagation and measurement update
stages of the filter.

3.1 Propagation

A finite-difference scheme for the propagation stage can
be derived directly from equation (8). To avoid numeri-
cal issues, the partial derivatives that form the Jacobian
matrix Jrk must be computed with data from the direc-
tion the flow comes from (upwind direction), preserving
data causality [Thomas, 1995]. To achieve this, partial
derivatives in x and y are computed in parallel both
using backward and forward kernels. The appropriate
derivative output is selected according to the direction
of the optical flow field.

upwind

upwind

Figure 2: Upwind region for a flow vector. Data within
this region can be used to compute partial derivatives.

To reduce the noise in the transport process, the scalar
fields φx r

k, φ
y r
k are smoothed with a low-pass kernel and

then used as the input data for equation (8). The low
pass smoothing of the flow-field is a crucial part of the
algorithm in two ways. Firstly, it is important in reduc-
ing the noise in the Jacobian estimates. Secondly, and
most crucially, it introduces a diffusion of information
into the flow propagation. In particular, the update flow
at a control point ξr will now depend on flow in the

Figure 3: Partial derivative kernels (backward and for-
ward) for the computation of Jacobian matrix of optical-
flow.

Figure 4: Computation of partial derivatives in the up-
stream direction of the optical-flow field.

neighbourhood of the control point, as well as the flow
at that particular point. This allows flow information
to propagate outwards from a point and fill in flow in
the neighbouring region. This is seen in the experimen-
tal verification of the algorithm in the way that strong
edges in the image generate flow that then diffuses out
across neighbouring regions in the image where there is
insufficient intensity gradient to identify flow.

3.2 Image model

The support region Ωr is chosen to be symmetric about
each control point ξr. It follows that the solution to
the least-squares cost function (10) for the image model
parameters { a0 r

k, a
1 r
k} can be written as a 2D-convolution

process. In general, the solution to the weighted least
squares has the form

a0 r
k =

∑
w(ξ; ξr)Yk(ξ) (18)

ax r
k =

∑
w(ξ; ξr)Yk(ξ)(x− xrk)∑
w(ξ; ξr)(x− xrk)2

(19)

ay r
k =

∑
w(ξ; ξr)Yk(ξ)(y − yrk)∑
w(ξ; ξr)(y − yrk)2

(20)

By choosing the weighting function w(ξ; ξr) to be sep-
arable, these equations can be implemented as a series
of 1D convolutions in x- and y- directions. The kernels
for Ωr = 5×5 and their inter-connection are depicted in
Figures 5 and 6 respectively.
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Figure 5: Image model convolution kernels.

Figure 6: Image model computation.

3.3 Flow Update

The solution to the least-squares update cost function in
equation (17) can be expressed in matrix form as

MΦrk+1 = q (21)

with

M =

(
γ + ( ax r

k+1)2 ax r
k+1 a

y r
k+1

ax r
k+1 a

y r
k+1 γ + ( ay r

k+1)2

)
(22)

q =

(
γ φx r

k+
+ ax r

k+1[ a0 r
k − a0 r

k+1]

γ φy r
k+

+ ay r
k+1[ a0 r

k − a0 r
k+1]

)
(23)

Given the small size of the linear system it is advan-
tageous to use the adjugate matrix A = adj(M) repre-
sentation of the matrix inverse. Thus, solving the linear
system yields

Φrk+1 =
1

det(M)
Aq. (24)

For the particular matrix M it is easily verified that

det(M) = γ(γ + ‖ a1 r
k+1‖2). (25)

The solution for the optical-flow update is then

Φrk+1 =
1

det(M)
A
(
γΦrk+ + [ a0 r

k − a0 r
k+1] a1 r

k+1
>
)

(26)

Note that the solution to the update cost function only
uses the local image model parameters and the propa-
gated flow vector at ξr, requiring basic arithmetic op-
erations. The only numerical operation that is costly
to implement on an FPGA is the single scalar inverse
1/ det(M).

4 Experimental Validation

The proposed filtering approach requires a considerable
number of images in order to get smooth optical-flow
fields. This is not an issue for a REV system with a high
frame rate image sensor. However, it poses a problem to
validate the algorithm against existing ground truth data
sets. Optical-flow data sets such as the Middlebury data
set [Baker et al., 2011] offers very few frames and cannot
be used. The MPI Sintel data set [Butler et al., 2012]

has considerably more frames per sequence, however, the
large motion between frames makes it inappropriate for
our assumption on high-frame rate, and hence relatively
small optical-flow.

To validate the proposed algorithm we created a
3D environment in Blender with real-world dimensions
and realistic textures∗. Camera motion and intrinsic
parameters are known and the frame rate is set to
300frames/second. True optical-flow field can be easily
computed from the relative depth map and camera mo-
tion. As error metrics, we employed the end-point and
angular error metrics defined in the Middlebury dataset.

The video sequence simulates the camera motion for
6 seconds (a total of 1800 images). The camera moves
with a constant velocity of 1m/s (3.6km/hr or walking
speed) in the x direction for the first two seconds (frames
0-600). The next two seconds (600-1200), the camera
performs a circular trajectory with constant tangential
velocity of 1m/s. The last two seconds (frames 1200-
1800), it returns to a constant velocity of 1m/s in the x
direction.

We employed a support region Ωr = 5 × 5 for the
computation of the image model, to balance the com-
putations required for the filter and rejection of noise.
For the propagation, we used a 5 × 5 average kernel
as a low-pass filter for the optical-flow field. Addi-
tionally, we performed the propagation process in two
time steps with ∆t = 0.5 rather than in a single unit
step. This helps to reduce the large displacements of
the flow field into smaller and more numerically sta-
ble steps. For the update stage, γ has been set to
100. The video result for this experiment is available at
http://cecs.anu.edu.au/~jadarve/acra2014.html

Figure 8 shows the estimated optical-flow at certain
frames. The first 4 rows illustrate the warm-up process
of the filter. At frame 10, flow estimate is primarily
updating at image discontinuities where the high image
gradient provides significant information to the update
stage. As the camera continues to move (frames 60 and
200), flat regions in the image are filled in with flow
estimate diffused from nearby image edges. This process
is best visualised in the decrease of the end-point error

∗One or more textures on this 3D model have been created
with images from CGTextures.com. These images may not
be redistributed by default, please visit www.cgtextures.com
for more information
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Figure 7: Overview of the 3D synthetic environment. Textured boxes are located at different distances from the
camera. Sampled frames of the camera trajectory are used in Figure 8 for displaying the estimated optical-flow field.

(column 4).
The next 4 rows (frames 700, 850, 100, 1150) show

the estimated flow during the circle motion of the cam-
era. Note that this is a challenging manoeuvre in or-
der to track optical flow, since the flow changes quickly,
and varies significantly in direction. For the proposed
algorithm, horizontal flow generated by vertical edge is
difficult to “forget” during vertical motion, since the hor-
izontal edge no longer provides information on the flow.
Despite these difficulties, the observed end-point error of
the flow is of the order of 0.5 pixels throughout the mo-
tion (except in the shadowed regions). Note how the an-
gular error is significantly lower at image discontinuities
where there is more information available in the update
step. The last rows (frames 1450 and 1600) shows how
the flow stabilises during constant velocity motion.

5 Discussion

The proposed algorithm is able to build dense optical-
flow with relatively simple computations by exploiting
the temporal nature of image data. Each control point
ξr only requires data contained on its support domain
Ωr. As mentioned above, a support Ωr = 5× 5 pixels is
a sensible compromise between computational load and
robustness in the characterisation of the different state
variables.

Since the algorithm is largely deterministic, it is easy
to determine the number of calculations required for
computing flow at a single control point ξr. Let Ωr =
N×N be the size of the support domain for both the im-
age model estimation and smoothing kernel in the prop-
agation stage, and na the number of propagation steps.
For the calculation, we will assume separable kernels
(e.g. Gaussian) for the smoothing blocks of the filter.
Table 1 shows the required computations for each filter
stage.

Note that the number of computations in the update
stage are independent of the size of Ωr. Also, in practice,

Add Multiply Div.
Image model
- 1D Gaussians 2(N − 1) 2N 0
- ax r, ay r kernels 2(N − 2) 2(N − 1) 0
- a0 r 1 0 0
Propagation
- Smoothing (×2) 4na(N − 1) 4naN 0
- Jacobian elements 8na 0 0
- Transport (eq (8)) 6na 4na 0
Update
- Matrix M 2 3 0
- det(M) 2 3 0
- Φrk+1 (eq (26)) 5 10 1

Table 1: Arithmetic operations required for the proposed
filter per reference pixel ξr.

the multiplications can be simplified by using smoothing
weighting coefficients that are powers of 2 (as in Figure 5
for the image model parameters), or by using an average
kernel, which does not require multiplications at all.

The local nature of the algorithm makes it suitable to
be implemented in a REV platform using either a GPU
or an FPGA computing device. In particular, the fixed
convolutions for the image model parameters and the
propagation of the flow field, makes the filter a perfect
candidate for a digital circuit implementation, such as
in an FPGA. Here we will consider the specifications of
the FastVis REV system [FastVis, 2014] as the target
system. Table 2 provides part of the specification of
the platform. Note that the bandwidth of the camera
data is too large to be transmitted to a desktop machine,
and cannot be processed by a normal, micro-controller
based, embedded platform. If an application is to take
advantage of the high-resolution and high-frame rate of
the image sensor, the processing has to be performed
in situ. Currently, the simplest embedded technology
capable of handling such bandwidth is an FPGA.
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Figure 8: Ground truth validation. The camera (300 frames/second) moves with a known velocity for 6 seconds.
Columns 2 and 3 show the color encoded ground-truth Φgt and estimated optical-flow Φk. End-point (EE, in pixels)
and angular error (AE, in degrees) are computed (cols 4-5). A video result is available at http://cecs.anu.edu.

au/~jadarve/acra2014.html
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Sensor CMV2000
Image resolution 2048x1088pixels
Frame rate 340 max
Input image bandwidth 7.68Gbps
Computing device FPGA
Logic elements 149,000
FPGA memory 6.8 Mb
DSP Slices 160
Per-pixel operations
Additions (32 bits) ∼5,000
Multiplications (18 bits) ∼140
Memory SDRAM x 3
Total memory bandwidth 15Gbps
Output channel USB 3.0
Output bandwidth 3.2 Gbps

Table 2: Specifications of the FastVis REV system.

However, designing algorithms for a FPGA plat-
form is a difficult task. Typically, proposed systems
[Diaz et al., 2006; Aubépart and Franceschini, 2007;
Plett et al., 2012] use algorithms that use a low level of
abstraction. The filter algorithm proposed here is well
suited for a digital implementation for various reasons.
The convolutions for the image model parameters con-
nect directly to the input data stream from the image
sensor, requiring only buffering of N rows of image in-
tensity data. The propagation stage consumes data from
memory and computes the backward and forward par-
tial derivatives all in parallel, selecting the appropriate
output from the direction of the flow field. Finally, the
measurement update consumes the output streams from
the image model and propagation blocks and updates
the flow estimate, with the updated flow written back
into the memory.

Consider the resources used for the proposed algo-
rithm based on the FastVis system parameters. Consider
a 1024×544 grid of control points {ξr}, corresponding to
sub-sampling the image resolution by a factor of two in
both x- and y- directions. We use a support Ωr = 5× 5
centered on control points, providing a four-times over-
lap of pixels, every pixel contributes to at least four sup-
port regions. We use a Gaussian smoothing kernel with
coefficients given in Figure 5 and two propagation steps.
For each {ξr}, we set { a0 r, φx r, φy r} to 8 bits resolution.
The image model estimation requires a total of 15 ad-
ditions and 1 multiplications per control point. The 2
steps propagation stage requires a total of 60 additions
and 16 multiplications to be computed. Finally, the up-
date stage requires 9 additions, 16 multiplications and 1
division operations per control point. The total number
of computations is then 84 additions, 33 multiplications
and 1 division per control point. The filter only requires
about 6% of the total number of multipliers. The total
required storage per frame is 1.5 MB. Since each mem-

ory chip has its own dedicated channel, we propose to use
two of the memory chips in a double buffer design for the
update and propagation stages of the algorithm to min-
imise read/write switching and conflicts. With a mem-
ory bandwidth of 596 MB/s per memory chip, the filter
requires 90% of the available bandwidth of two memory
chips at full frame rate 340fps. The third memory chip is
held in reserve for post processing of the computed flow
field and other memory read-write requirements.

It is interesting to note that the real bottle-neck in
the implementation lies in the memory bandwidth. A
dedicated FPGA design, with careful memory manage-
ment avoiding switching between read/write modes on
the SDRAM memory makes the proposed design viable.
The computational resources available (over 90%) of
the FPGA multipliers and a separate dedicated memory
buffer with 596MB/s bandwidth, makes it a straightfor-
ward matter to add a post processing stage to compute
direct control cues for mobile robotics applications. Ob-
jects that can easily be computed are, divergence of the
flow field (trace of Jrk), flow averages in regions, cross-
correlation of flow with desired flow profile, thresholding
and identification of high flow areas, etc. These control
cues can be streamed to the USB output channel and
used in control of robotic vehicles.

6 Conclusions

This article developed a filter type approach for the com-
putation of optical-flow well suited for real-time dense
optical-flow computation. The filter is based on an up-
date and propagation loop that incrementally builds the
optical-flow field using the stream of images and previ-
ously computed flow. The propagation stage takes the
current flow field and uses a transport process to predict
its next time value. The update stage in turn, takes the
predicted flow and corrects it using new image data. The
filter loop naturally fills in regions of the image where
computing flow is not possible. Ground truth validation
is provided by simulating a high-speed camera moving
in a 3D environment. In terms of implementation, the
proposed algorithm is well suited for implementation on
a Rapid Embedded Vision (REV) system.
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