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Abstract

tumble relative to the earth centred frame, which greatly
affects the ability of the driver to control the platform.

A diwheel is a novel vehicle made up of an inner
frame which is encompassed and supported by
two large coaxially aligned wheels. The inner
frame is typically supported by a common axle
or roller type idler wheels and as a result, is
free to oscillate back and forth relative to the
outer wheels. The outer wheels are driven from
the inner frame and forward motion is achieved
through a reaction torque generated by the eccentricity of the centre of gravity (CoG) of
the inner frame. During operation, diwheels
experience slosh (when the inner frame oscillates) and tumbling (when the inner frame completes a revolution). In this paper the dynamics
of a generic diwheel are derived. Three control strategies are then proposed; slosh control,
swing-up control and inversion control. Finally,
simulations are conducted and compared with
experimental results all performed on a diwheel
built at the University of Adelaide.

1

Introduction

A diwheel is a device which consists of a two large outer
wheels which completely encompass an inner frame. The
inner frame is free to rotate within the wheels, and is typically supported by a common axle or idlers which roll
on the wheels (see Figure 1). Diwheels, like their more
popular cousins the monowheel, have been around for
almost one and a half centuries [Self, accessed Aug 2011;
Cardini, 2006]. These platforms suffer from two common
issues affecting driver comfort; slosh and tumbling (also
known as gerbilling). Sloshing is when the inner frame
oscillates, and occurs in all monowheels and diwheels
where the CoG of the inner frame is offset from the centre of rotation of the wheels. This motion is prevalent
in these platforms as they typically have low damping
between the wheel and the frame in order to minimise
power consumption during locomotion. In addition, during severe braking or acceleration the inner frame will

In March 2009, honours students from the School of
Mechanical Engineering, at the University of Adelaide
commenced the design and build of an electric diwheel.
The vehicle was called Edward (Electric Diwheel With
Active Rotation Damping) [Dyer et al., 2009]. A rendered solid model of the platform is shown in Figure 1
and Figure 2 shows the completed vehicle. The Edward diwheel has outer wheels which are rolled and
welded stainless steel tube with a rubber strip bonded
to the outer rolling surface. An inner frame supports
the driver who is held in place by a six-point racing harness. The inner frame is supported within the outer
wheels by means of three nylon idler-wheels. These are
coupled to the inner frame by suspension arms, which
act to provide some suspension and also maintain a constant contact force between the idlers and outer wheel.
Two brushed DC motors each drive (via sprockets and a
chain) a small pneumatic drive-wheel which contacts the
inner radius of the outer wheel. Thus the vehicle can be
driven forwards and backwards using a collective voltage in to the motors, and can be yawed when the motors
are differentially driven. The vehicle utilises drive-bywire technology and is completely controlled via a joystick. A touchscreen also enables the driver to monitor
and make changes to system variables. A mechanical
hand brake has also been incorporated which operates
calipers on the drive-wheels in case of electrical failure.
The system incorporates an inertial measurements unit
(IMU) which combines a 3 degree-of-freedom (DOF) accelerometer with a 2 DOF gyrosensor for accurate state
estimates. In addition to this, each drive wheel is fitted
with an incremental encoder to measure wheel speed.
The scope of the project was to not only design and
build the mechanical and electrical platform, but to also
implement several control strategies to manipulate the
dynamics. The first was a slosh controller, with the purpose of minimising the rocking motion that occurs as
the vehicle is accelerated or decelerated when torquing
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Figure 1: Rendered image of the Edward diwheel

Figure 3: Photograph of the Edward diwheel driving in
inversion mode
its parameters are used in a numerical simulation, for
which the open loop response and various closed loop
responses are presented. Finally suggestions for future
control strategies are made.

2

Figure 2: Photograph of the Edward diwheel during
testing
the drive motors. This was deemed necessary after viewing videos of monowheels and diwheels in operation. If
implemented correctly it would also allow maximum deceleration of the vehicle if necessary, which occurs when
the centre of gravity of the inner frame is horizontally
aligned to the centre of the outer wheels. Another control mode was also considered with the aim to make
the ride in the vehicle more exciting. This involved a
swing-up controller followed by an inversion controller.
The purpose of this controller was to invert the driver,
then stabilise them enabling them to drive around upside
down as shown in Figure 3 .
In this paper the dynamics of a generic diwheel using
a Lagrangian formulation are derived. It is shown there
exists a zero in the transfer function between the motor
torque and wheel displacement, which is significant as
it allows an operator to swing-up without the diwheel
translating. The control laws for the two control strategies are presented. Details of the Edward diwheel and

Dynamics of the 2DOF system

In the derivation of the diwheel dynamics that follows,
motion of the vehicle has been restricted to the xy-plane.
In this two degree-of-freedom model, the left and right
wheel and left and right drive-wheels are combined into
a single degree of freedom. In this way both pairs of
wheels and drive-wheels rotate at equal speeds so that
the diwheel does not yaw about the y-axis. A Lagrangian
approach has been used for the derivation of the dynamic
model of the diwheel, similar to that of shown in [Martynenko and Formal’skii, 2005].
The following assumptions have been made in the
derivation of the dynamics.
• The motion of the diwheel is restricted to the xyplane.
• Friction is limited to viscous friction, and the
Coulomb friction arising from the idler rollers is neglected.
• The suspension arms are fixed, keeping the centre
of gravity of the inner frame a fixed distance from
the centre of the wheels.
• The inductance of the motor is negligible and therefore the current is an algebraic function of voltage
and motor speed.
• The rotational and translational inertia from the
motors and drive-wheels has been included in the
inner frame.
• There is no slip between the drive-wheels and the
outer wheels.
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• There is no slip between the outer wheels and the
ground.

equation for each coordinate, qi , yields an expression of
the form:

The model has three coordinates, however the latter two
are dependent:

M(q)q̈ + C(q, q̇) + G(q) = F

(2)

• θ - rotation of the inner frame assembly about the
z -axis.

which summarise the system dynamics.

• ϕL = ϕR = ϕ - rotation of the wheels about the
z -axis.

Velocities
The translational and rotational velocities of the bodies
comprising the diwheel are presented below in preparation for the Lagrangian. The translational velocity of
the wheel (body 1) in the x -direction is

• x - the displacement of the diwheel (centre) about
an earth centred frame.
The right-handed coordinate frame is located at the centre of rotation of the diwheel, as shown in Figure 4. The
positive x -direction is to the right and positive y is down.
Clockwise rotations about the centre are considered positive. The zero datum for the measurement of both the
body angle θ and wheel angle ϕ is coincident with the
positive y-axis.

v1x = R ϕ̇,

(3)

where R is the outer wheel radius and ϕ̇ is the angular
velocity of the wheel. The translational velocity in x direction of the CoG of body 2 (the inner frame) is
v2x = R ϕ̇ − θ̇ e cos(θ) ,

(4)

where e is the eccentricity between the inner frame CoG
and the centre of the wheels, and θ̇ is the angular velocity
of the inner frame relative to an earth centred frame.
The corresponding velocity in y-direction of the inner
frame CoG is
v2y = −θ̇ e sin(θ) .
(5)
The magnitude of the velocity of the inner frame CoG
is thus
|v2 | =

Figure 4: Schematic of a generic diwheel showing coordinate systems, mass distributions and states.
Since the drive-wheel is fixed to the inner frame (body
2) the two masses may be lumped together. However, in
the development that follows, the energy associated with
the rotational velocity of the drive-wheel is omitted, as
it is considered negligible.

2.1



R ϕ̇ − θ̇ e cos(θ)

where the Lagrangian L is an expression of the difference
in the kinetic and potential energies of the system, qi
are generalised coordinates (in this case θ and ϕ) and
Fi are generalised forces. The solution of the Lagrange

2 2

2

+ θ̇ e sin(θ)

 21
.

(6)

Kinetic Energy
The kinetic energy of the diwheel has been separated
into the following terms. First, the rotational energy of
the wheel,
J1 ϕ̇2
E1r =
,
(7)
2
where J1 is the combined moment of inertia of both
wheels about their centre.
Second, the translational energy of the wheel,

Non-linear dynamics

The Euler-Lagrange equations yield the dynamic model
in terms of energy and are given by


d ∂L
∂L
−
= Fi
(1)
dt ∂ q˙i
∂qi

2

E1t =

R2 ϕ̇2 m1
,
2

(8)

where m1 is the combined mass of both wheels.
Third, the rotational energy of the inner frame,
E2r =

J2 θ̇2
,
2

(9)

where J2 is the moment of inertia of the inner frame
about its CoG.
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Lastly, the translational energy of the inner frame
CoG,
E2t =

=

Euler-Lagrange equations
The dynamics are found from

1
m2 v 2
2 2


2
2
2 2
m2
R ϕ̇ − θ̇ e cos(θ) + θ̇ e sin (θ)
2



∂L
d ∂L
−
+ b12 (θ̇ − ϕ̇) = −τ, (15)
dt ∂ θ̇
∂θ


d ∂L
∂L
−
+ b12 (ϕ̇ − θ̇) + b1 ϕ̇ = τ, (16)
dt ∂ ϕ̇
∂ϕ

,
(10)

where m2 is the mass of the inner frame and N = Rr is
the ratio of outer wheel radius R to drive-wheel radius
r.
Thus the total kinetic energy of this system is:
Ek

= E1r + E1t + E2r + E2t


2
2
2 2
m2
R ϕ̇ − θ̇ e cos(θ) + θ̇ e sin (θ)
=
2
J1 ϕ̇2
J2 θ̇2
R2 ϕ̇2 m1
+
+
+
.
(11)
2
2
2

Potential Energy
The potential energy of the outer wheels is constant and
thus neglected in the following analysis. Therefore the
total potential energy (assuming zero potential energy
at θ = 0) is related to the change in height of the CoG
of the inner frame and is given by
Ep = e g m2 (1 − cos(θ)) ,

where b12 is a viscous damping coefficient related to the
relative velocities of the inner ring (θ) and the outer
wheel (ϕ), b1 is the viscous damping constant associated
with the wheel rolling (and is surface dependent) and τ
is a differential torque applied to both the inner ring and
the outer wheel by the drive-wheel/motor assembly.
Evaluating the terms for θ
d
dt



∂L
∂ θ̇



−

= Jˆ2 θ̈ + aR ϕ̈ cos(θ) − aR ϕ̇ θ̇ sin(θ)


∂L
= sin(θ) ag + aR ϕ̇ θ̇ .
∂θ

(17)

Evaluating the terms for ϕ
d
dt

(12)



∂L
∂ ϕ̇



= −aR sin(θ) θ̇2 + Jˆ1 ϕ̈ + aR θ̈ cos(θ)

where g is the gravitational acceleration.
Lagrangian
The Lagrangian for the diwheel is the difference in the
kinetic and potential energies, Ek − Ep ,


J1
R2 m1
R 2 m2
L =
+
+
ϕ̇2
2
2
2


m2 e2
J2
−R e m2 cos(θ) ϕ̇ θ̇ +
+
θ̇2
2
2
−e g m2 + e g m2 cos(θ) .
(13)
This may be expressed compactly as
L=

Jˆ1 2
Jˆ2
ϕ̇ +aR cos (θ) ϕ̇θ̇+ θ̇2 +ag (cos (θ) − 1) , (14)
2
2

where Jˆ1 = J1 + R2 (m1 + m2 ) is an effective moment of
inertia used for convenience, and represents the moment
of inertia of the wheel and inner frame (when rotated
such that the CoG is one wheel radius from the ground)
about the contact point with the ground, Jˆ2 = J2 +e2 m2
is the moment of inertia of the inner frame about the
centre of the wheels (from the parallel axis theorem),
and aR = −R e m2 and ag = e g m2 are constants of
convenience.

−

∂L
= 0.
∂ϕ

(18)

Differential Equations
The governing differential equations of the diwheel are
therefore given by


−τ = Jˆ2 θ̈ + b12 θ̇ − ϕ̇ + ag sin(θ) + aR ϕ̈ cos(θ) (19)
and


τ = Jˆ1 ϕ̈+b12 ϕ̇ − θ̇ +b1 ϕ̇−aR θ̇2 sin(θ)+aR θ̈ cos(θ) .
(20)
It should be noted that the above differential equations are similar to the equations of motion derived for
the monowheel by [Martynenko and Formal’skii, 2005;
Martynenko, 2007] with the exception of the damping
(introduced by b1 and b12 ) here. It is also similar to that
for the self-balancing two-wheel mobile robots [Grasser
et al., 2002; Ruan and Cai, 2009] and the ballbot [Lauwers et al., 2006], where the only difference is that the
gravitational term acts to stabilise the diwheel compared
to the “inverted pendulum” robots which are unstable.
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Solution to the Differential Equations of the
Mechanical System
The system of differential equations may be solved in
terms of θ̈ and ϕ̈ to give
θ̈

= −

1
D1



Solution to the Differential Equations of the
Coupled Electro-Mechanical System
Equations (21) and (23) may be rewritten in terms of
an input voltage to the motors by substituting Equation
(26) to give



Jˆ1 + aR cos (θ) τ + b12 (θ̇ − ϕ̇)
θ̈

= −

− aR cos (θ) b1 ϕ̇


N ns Km
×
Vm + (b12 + bm ) (θ̇ − ϕ̇)
Rm
!
2
2
+ aR sin (θ) cos (θ) θ̇ + Jˆ1 ag sin (θ) ,

(21)

where
D1 = Jˆ1 Jˆ2 − aR 2 cos2 (θ) ,

(27)

(22)
2

and
1
D1





Jˆ2 + aR cos (θ) τ + b12 (θ̇ − ϕ̇) − Jˆ2 b1 ϕ̇

2
ˆ
+ J2 aR sin (θ) θ̇ + aR ag sin (θ) cos (θ) .
(23)

ϕ̈ =

2.2



− aR cos (θ) b1 ϕ̇ + Jˆ1 + aR cos (θ)



!
+ a2R sin (θ) cos (θ) θ̇2 + Jˆ1 ag sin (θ) ,

1
D1

m)
is the effective damping from the
where bm = (N nRs K
m
back EMF, and




1 ˆ
J2 b1 ϕ̇ + Jˆ2 + aR cos (θ)
D1


N ns Km
×
Vm + (b12 + bm ) (θ̇ − ϕ̇)
Rm

+ Jˆ2 aR sin (θ) θ̇2 + aR ag sin (θ) cos (θ) . (28)

ϕ̈ =

Fully Coupled Electro-Mechanical
System

Electrical Dynamics
Permanent magnet DC electric motors have been used
to power the diwheel. It has been assumed that the
electrical inductance of the motors, Lm , is sufficiently
small it may be neglected, and therefore the current in
the motor coil is an algebraic function of the supplied
voltage Vm and motor speed θ̇m = N ns (ϕ̇ − θ̇), and is
given by
Rm i + Km θ̇m = Vm ,

(24)

where Rm is the resistance of the armature of both motors wired in parallel (and equal to half the resistance
of a single motor), Km is the motor torque constant
(which is equal to the back EMF constant for SI units)
for each motor, N = Rr is the ratio of the wheel radius
to drive-wheel radius and ns is the drive ratio from the
motor sprocket to drive-wheel sprocket (when using a
chain drive).
The differential torque acting on the wheel and the
inner frame generated by the motor in terms of the armature current is given by
τ = N ns Km i.

(25)

Combining Equations (24) and (25) gives the differential torque in terms of applied voltage


τ = N ns Km Vm − N ns Km (ϕ̇ − θ̇) /Rm
(26)

2.3

Linearised Dynamics

The dynamics of the plant have been linearised about
two operating conditions; the downward (stable) position and the upright (unstable) position.
Linearising about downward position
Using a Jacobian, the non-linear dynamics given by
Equations (21) and (23) about the downward position
θ = θ̇ = ϕ = ϕ̇ = 0 may be approximated by the linear
state equations
ẋ = Ax + Bu,
(29)

T
where x = θ ϕ θ̇ ϕ̇
is the state vector, u = τ
is the plant input and the state and input matrices are
given by
A=

1

aR − Jˆ1 Jˆ2
0
0
aR 2 − Jˆ1 Jˆ2

0
0
0
×
 Jˆ1 ag
0 (Jˆ1 + aR )b12
−ag aR 0 −(Jˆ2 + aR )b12
2




0

aR 2 − Jˆ1 Jˆ2

ˆ
−(J1 + aR )b12 − aR b1 
(Jˆ2 + aR )b12 + Jˆ2 b1
(30)

and

Inserting Equation (26) into Equations (19) and (20)
yields the differential equations of the fully coupled
electro-mechanical system.
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0


0
1

.
B=
ˆ

(J1 + aR ) 
aR 2 − Jˆ1 Jˆ2
−(Jˆ2 + aR )

(31)
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The poles of this plant are at s = 0, −0.22 ±
2.59i, −0.26,, with the complex poles having a damping ratio of ζ = 0.083. The transfer function from τ to
θ exhibits one zero on the origin which is expected as
at the steady state θ(s → 0) → 0. It is interesting to
note that the transfer function from τ to ϕ exhibits two
undamped complex zeros at s = ±3.44i. The presence of
lightly damped complex zeros is similar to that found in
other systems exhibiting slosh such as the ball and hoop
system [Wellstead, accessed Aug 2011]. The implication
is that if the motor is driven with a sinusoidal input at
the frequency of the zeros, then the wheel will stand still
and only the inner frame moves - at least for small angles. This turns out to be a very useful characteristic
when inverting a rider.
Note that for the case of a voltage input, u = Vm , then
the damping term arising from the differential velocity of
the frame and wheel increases from b12 → b12 + bm (resulting in open loop poles at s = 0, −0.34±2.55i, −0.37,)
and the state input matrix B needs to be multiplied by
N ns Km
Rm .
Linearising about upright (inverted) position
Linearising the non-linear dynamics given by Equations
(21) and (23) about the upright position θ = π, θ̇ = ϕ =
ϕ̇ = 0 gives the linear state equations
A=

1

aR 2 − Jˆ1 Jˆ2
0
0
aR 2 − Jˆ1 Jˆ2

0
0
0
×
 −Jˆ1 ag 0 (Jˆ1 − aR )b12
−ag aR 0 −(Jˆ2 − aR )b12



0

aR 2 − Jˆ1 Jˆ2

−(Jˆ1 − aR )b12 + aR b1 
(Jˆ2 − aR )b12 + Jˆ2 b1
(32)

and

(33)

The poles of this plant are at s = 0, −0.25, 2.27, −3.07.
Note that for the case of a voltage input, u = Vm , then
the damping term arising from the differential velocity of
the frame and wheel increases from b12 → b12 + bm (resulting in open loop poles at s = 0, −0.34, 2.12, −3.40)
and the state input matrix B needs to be multiplied by
N ns Km
as per the downward linearisation case.
Rm

3

Part
Wheels
Frame
Lengths

Damping
Motor

Transmission

Control strategies

In this section a number of different control strategies
are presented for the two-dimensional diwheel model. It
should be noted that no literature to date has been published on control laws for either monowheels or diwheels.

Parameter
m1
J1
m2
J2
R
Ri ≈ R
r
e
b12
b1
Vsat
Rm
Lm
Km
N = Rr
ns

Value
50.3 kg
26.1 kg.m2
218 kg
48.4 kg.m2
720 mm
720 mm
140 mm
160 mm
30 Nm.s/rad
12 Nm.s/rad
48 V
0.314 Ohms
0.3 mHenry
65 mNm/A
5.14
7

This is not surprising given that previous diwheels and
most monowheels were human or IC engine driven which
are not amenable to automatic control, the latter having
dynamics with similar time constants to the plant.
The parameters used for the model, and thus the controller designs, are detailed in Table 1. Most parameters
have been estimated from the solid model of the diwheel
(and driver) with the exception of the damping terms
which were measured.
All of the control strategies were initially developed
based on the dynamics presented above and then tested
and tuned on the physical diwheel.

3.1




0


0
1

.
B=
ˆ

(J1 − aR ) 
aR 2 − Jˆ1 Jˆ2
−(Jˆ2 − aR )

Table 1: Parameters used to define the model. Note
that the terms for the wheels and motors account for
both acting together.

Slosh control

The purpose of the slosh controller is to minimise the
amount of rocking (sloshing) that the driver experiences
when rapidly accelerating or decelerating. This has parallels with slosh control in liquid-fueled rockets, ships
and tankers [Aboel-Hassan et al., 2009; Readman and
Wellstead, accessed Aug 2011; Wellstead, accessed Aug
2011]. Any number of suitable linear and non-linear control strategies can be used to suppress the rocking (sloshing) motion of the diwheel. Readman and Wellstead fed
back the slosh angle of a ball in a hoop (equivalent to θ in
the diwheel) to restrict the slosh, which is equivalent to
increasing the torque arising from the offset in the CoG
of the inner frame [Readman and Wellstead, accessed
Aug 2011]. It was found that this technique is effective
as it drives two complex closed loop poles towards the
plant zeros. An alternative and obvious solution is to increase damping to reduce slosh using velocity feedback.
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Another common technique is input (also known as command) shaping, which involves modifying the reference
command by convolving it with a set of self-destructive
impulses that act against the complex poles in the plant.
This approach is effectively pole-zero cancellation and is
not robust.
The approach used here was to feed back both the angle and angular rate of the inner frame, θ̇. This decision
was based on the availability of the state measurements.
The final controller was
Vm = [ −15

0 −10

0 ]x = 15θ + 10θ̇,

(34)

and was chosen to dampen the poles (of the linearised
dynamics) while still providing a good speed response.
Further dampening of the poles continues to increase
stability at the cost of speed and drivability. Note that
the negative sign for these terms arises from the fact that
a positive motor torque leads to a positive acceleration
of the inner frame (see Equation (21)).

3.2

Swing-up control

The dynamics of a diwheel closely follow the dynamics of
other under-actuated non-linear planar mechanical systems such as inverted pendulums, and as such swing-up
controllers designed for these systems can be applied to
the design of a controller for the diwheel. Most early
work on swing-up controllers used a bang-bang switching approach to drive the potential energy of the pendulum (or the inner frame in the case of a diwheel) to
the inverted state. Bang-bang control was considered
and even attempted but was immediately dismissed as
the switching from full torque in one direction, then the
other caused slipping of the drive wheels on the outer
wheel and the massive change in jerk was unpleasant for
the driver. In this paper a few different approaches will
be discussed utilising an energy based method.
Positive velocity feedback
A very simple strategy is to apply a positive velocity
feedback to the motors, thus moving the complex poles
from the left hand of the s-plane to the right hand side
which makes the diwheel unstable. A simple form of
this method has been used with some success in the past
[Dyer et al., 2009] in the form
Vm = [ 0

0

3

0 ]x = 3θ̇,

(35)

where the gains were chosen to provide significant energy
without kicking the diwheel all the way over in one swing.
Such a method relied on an initial input from the driver
to provide the initial velocity required. The resulting
motion was heavily dependent on this first input and
would often take the driver a number of attempts to
provide the right kick without being driven too hard and
overshooting the inverted position. Some margin is given

as the inversion controller is able to ’catch’ the diwheel
over a significant range of velocities when in the inverted
position.
Energy based controller
A solution to the problem of overshooting the inverted
position is to apply restrictions on the motors based on
the energy of the inner frame by monitoring the total
kinetic and potential energy in the system. With this
information the positive velocity feedback to the motors
can be cut once the total energy reaches a level required
to coast to the inverted position. This allows us to use
a much higher gain for our velocity feedback to bring
the diwheel to the inverted position faster. Under this
style of controller a small initial ’kick’ is provided by the
controller to initiate movement. Due to the availability
of the state estimates only the rotational kinetic energy
of the inner frame and the potential energy of the inner
frame are used and the kinetic and potential energy of
the wheels are assumed to be negligible. The equation
for the total energy is

Et = Ek + Ep =

1
J2 θ̇2 + m2 eg(1 − cos θ).
2

(36)

The theoretical required energy was calculated to be
Etmax = Epmax = m2 eg(1 + 1) = 684J.

(37)

This leads to the swing-up control law
(

Et ≤ Epmax ⇒ Vm = [ 0 0 20 0 ]x
Et > Epmax ⇒ Vm = [ 0 0 0 0 ]x

.

(38)

Push-nudge controller
While the above control method worked consistently
during simulation it was found that the state estimate
for the angle deteriorated during fast swings due to the
quality of the IMU used and was unreliable for determining the exact cutoff threshold. An alternate method has
been devised that allows for a range of error in the angle estimate during swing up. This is done by using two
levels of positive velocity feedback. In this method the
energy threshold for switching the motor gains is lowered and instead of switching the motors off, a smaller
positive velocity feedback is applied. This continues to
drive the inner frame using much lower torque, effectively ’nudging’ the inner frame to point at which the
inversion controller takes over. This causes the inner
frame to approach the inverted position at much lower
velocities, both allowing the state estimate to become
more reliable and making it significantly easier for the
inversion controller to ’catch’ the diwheel in the inverted
position.
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The base energy threshold and swing-up gains have
been determined by experimentation to be
Etmax = 640J.

(

3.3

Et ≤ Epmax
Et > Epmax

Vm = [ 0 0 20 0 ]x
.
Vm = [ 0 0 1 0 ]x

(39)

(40)

A linear full-state feedback controller was developed in
2010 [Francou et al., 2010]to keep the inner frame in the
upright (open-loop unstable) position and is activated
when the inner frame is within ±15o of the inverted position.
Linear Quadratic Regulator
A linear quadratic regulator (LQR) was used to stabilise
the plant in its unstable position (Section 2.3). This
approach has been used successfully in the inverted pendulum problem and its many variants [Lauwers et al.,
2006]. The cost function that was minimised is given by

ˆ ∞
 2
2
J=
q1 θ2 + q2 θ̇ + q3 (ϕ̇) + R1 Vm2 dt (41)
0

where q1 , q2 and q3 are the state penalties on the inner
frame angle θ, the angular rate θ̇ and the wheel angular
velocity ϕ̇ respectively. The purpose of the latter term
is to restrict the speed control in the inverted position.
The term R1 is the penalty on the drive voltage. Using
an iterative trial and error method the penalties of the
state vector were found to be


 
q1 0 0 0
2 0 0 0
 0 0 0 0   0 0 0 0 

 
Q=
 0 0 q2 0  =  0 0 35 0  (42)
0 0 0 q3
0 0 0 1
and the control penalty was given by
(43)

to reduce the penalties on the voltage inputs, which results in higher controller gains. These higher controller
gains increase both the stability of the controller and its
capacity to catch the inner frame for large angular rates.
Solving the continuous algebraic Riccati equation returns the optimal control gains
Vm = [ −21.5

0 −14 −3.5 ]x.

(44)

After testing on the diwheel these gains were re-tuned
to
Vm = [ −21

0 −14 −5 ]x.

(45)

Simulations and Experimental
Results

This section presents a comparison between results generated by a Simulink model using the non-linear dynamics presented in the previous sections and results
obtained experimentally. The experimental system was
controlled using a dSpace Micro-Autobox.

4.1

Inversion control

R1 = 0.1

4

Experimental Hardware

The dynamics presented in this paper formed the basis of
a model built using MathWorks’ Simulink for simulation
purposes. Once the control laws had been developed to
the point where they performed well in simulations, the
controller was ported to a dSPACE MicroAutoBox via
MathWorks’ Real-Time Workshop for real-time control
of the physical system. Data was logged during experimentation via the onboad touchscreen computer running
MathWorks’ dSPACE ControlDesk.

4.2

Open Loop

To illustrate the sloshing of the diwheel, a "fall-down"
test was conducted in which the inner frame was rotated
to approximately the inverted position and then released.
Figure 5 shows the simulated and experimentally measured response of the plant. The lightly damped nature
of the plant can be easily seen.

4.3

Closed Loop Slosh Control

Figure 6 presents the results of the "fall-down" test with
the slosh controller activated. It can be seen that the
plant is very heavily damped with approximately 10%
overshoot. This was found to be the best compromise
between lower overshoot and rapid response.

4.4

Swing-up and Inversion

Figure 7 shows the response for the push-nudge controller for both the simulation and experiments. Under
experimental conditions on the diwheel, the push-nudge
controller has an extremely high success rate of swinging up and capturing the frame in an inverted state when
on level ground. As can be seen in Figure 7b the angle
estimate deteriorates during swing-up at higher angular
rates as can been seen at approximately 3 seconds. However the nudge part of the controller is able to compensate for this and allows the diwheel to glide smoothly to
the inverted position where the inversion controller takes
over. It is also worth noting that whilst the experimental results only show the diwheel in inversion control up
until approximately 7 seconds, the diwheel could have
remained inverted if not for the driver swinging down
due to a limited testing area.
The current state estimates achieved from the relatively low-cost IMU are far from ideal. Due to budget
constraints on the project, purchase of a higher quality
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(a) Simulation results

(b) Experimental results

Figure 5: Open loop step response showing "fall-down" test from approximately -180o degrees.

(a) Simulation results

(b) Experimental results

Figure 6: Closed loop step response showing "fall-down" test from approximately -180o degrees.

(a) Simulation results

(b) Experimental results (note that data collection was terminated prematurely at approximately 7 seconds)

Figure 7: Results for Push-nudge swing-up controller moving the inner frame into the inverted position
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IMU is not feasible at this time, however for future work
it would be strongly recommended. With more accurate state measurements the swing-up controller could
be tuned to swing up faster or could be designed with a
focus on minimising jerk on the driver. The current controller does not take into account longitudinal movement
during swing up. While the current system experiences
very little longitudinal motion during experimentation
and relies on the inversion controller to remove any residual longitudinal motion once it has reached the inverted
position, if better state measurements were available it
would be possible to develop a swing-up controller that
takes longitudinal motion into account.

5

Conclusion and Future Work

In this paper the dynamics of the diwheel were derived,
where it was seen that the diwheel exhibits behaviour
seen in other nonlinear under-actuated unstable mechanical plants such as the inverted pendulum and selfbalancing wheeled robots [Fantoni and Lozano, 2001].
Consequently, approaches applied to systems with similar dynamics are also applicable to the diwheel, which
have been successfully demonstrated here.
Upon completion of the diwheel, extensive testing has
been carried out in order to validate the different control
strategies presented in this paper, however more work
could still be done to test and benchmark various alternative control strategies. Purchase and implementation
of a higher quality IMU would allow for more accurate
state estimates, thus opening up options for faster and
more accurate control methods.
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