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Abstract
Autonomous navigation and picture compilation tasks require robust feature descriptions or
models. Given the non-Gaussian nature of sensor observations, it will be shown that Gaussian
mixture models provide a general probabilistic representation allowing analytical solutions
to the update and prediction operations in the
general Bayesian filtering problem. Each operation in the Bayesian filter for Gaussian mixture models multiplicatively increases the number of parameters in the representation leading to the need for a re-parameterisation step.
A computationally efficient re-parameterisation
step will be demonstrated resulting in a compact and accurate estimate of the true distribution.
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used in autonomous air, ground and underwater vehicles, they are limited in their ability to construct accurate models of unstructured and complex environments.
Kumar et al. have recently shown that effective feature selection relies on the information content of the
region observed by the sensor [Kumar et al., 2004]. Properties in the data from a visual sensor on an autonomous
ground vehicle (Fig. 1) include colour, texture, and reflectivity.

Introduction

Many robotics applications such as tracking and data
fusion need a compact but descriptive representation
for communicating information either between individual autonomous agents or to a central unit. Such information could include air-borne and ground-based observations of natural features and targets from both imaging and range sensors. A common attribute of all the
sensor data gathered from autonomous systems is that
measurements are noisy and in many cases can only be
described by general probability distributions. Thus algorithm development for robotic systems is now at the
stage in which techniques for manipulating and estimating general, non-Gaussian, non-point feature information is required.
Autonomous navigation and picture compilation tasks
require robust feature descriptions or models. Conventional schemes in autonomous navigation have focussed
on the selection of stable point features, modelled with
Gaussian noise, through the use of ranging devices (laser,
sonar). While such techniques have been successfully

Figure 1: Incoming data from a visual sensor on an autonomous ground vehicle.
Elements of information theory quantify the information content of random variables (such as the noisy data
provided by a visual sensor) to be inversely proportional
to the probabilities of occurrence [Cover & Thomas,
1991]. Thus less likely states of a random variable provide greater information than more likely ones. Uniqueness in the data is therefore related to its information
content which is in turn related to its frequency of occurrence. Kumar et al. compute the information content in
an image through property histograms and address the
feature selection problem by explicitly working with the
least likely features.
An example of the complexity in the information content for the colour properties in the above image is graph-

ically represented in Fig. 2.
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Figure 2: Information content in colour space. A two dimensional colour histogram of the raw red and green intensities in the image was generated. Subsequently, the
information content of each pixel was computed using
the formula log( p1 ), where p is the probability of occurrence. Areas coloured red in this figure represent large
amounts of information while blue small amounts.
Due to the nature of these feature properties, nonGaussian, probabilistic representations must be considered. If the description and manipulation of nonGaussian sensor observations are to be useful in robotics
there is a need to combine general probability models
in a consistent manner. Thus, it is crucial to choose
a representation which offers generality but also allows
computationally efficient Bayesian estimates.
Given the non-Gaussian nature of sensor observations,
general probability density models for stochastic variables and the estimation of these models fall under two
classes: parametric and nonparametric. Parametric density models only require a finite number of parameters to
describe the distribution over the observed data with an
assumption that there is some underlying structure. A
Gaussian mixture model (also known as a sum of Gaussians) is a commonly used parametric distribution. Nonparametric density estimation provides a general class of
methods for dealing with problems when the underlying
structure of the data is poorly known. A kernel density
estimator is one such method in which each data point
provides evidence for a non-zero probability density i.e.
an individual kernel function (such as a Gaussian) describes each observation.
Particle filters, a nonparametric model, are commonly
used for general Bayesian methods. Grid-based methods
also offer general representations but do not scale well
with state dimension and thus limits their applicability.
Gaussian mixture models (GMM) provide an alternative
representation which allow analytical solutions to the

prediction and update filtering operations that are performed. As in particle filtering, resampling [Doucet98]
or, in the case of a GMM, re-parameterisation is required. Thus, for a GMM representation to be viable in
the robotics and data fusion domain, re-parameterisation
must be computationally fast and result in an accurate
estimate of the true distribution.
The following sections illustrate the advantages of the
Gaussian mixture model for Bayesian estimation methods. Section 2 introduces the form of the Gaussian mixture model. The nonlinear filtering operations using the
GMM representation will be derived in Sec. 3. The
particular density estimation techniques used for fast reparameterisation will be described in Sec. 4. Sections 5
and 6 show results and future directions.

2

Gaussian Mixture Models

Multimodal densities often reflect the existence of subpopulations or clusters in the population from which the
samples are taken. It is often the case that each of these
subpopulations can be reasonably well modelled by a
simple density such as a Gaussian. It is then possible to
use a strategy in which the overall estimation problem
is broken down into a set of smaller density estimation
problems that have well-developed methods for obtaining accurate solutions.
A mixture density is defined for a random variable X
as
N
X
P (x|θ) =
πi pi (x|θi )
(1)
i=1

where x are the observations of X, θi is the parameter
vector, pi is the probability density for the ith subpopulation also known as a mixture component,
and πi are
PN
positive weights with the property i=1 πi = 1.
Gaussian distributions are commonly used as mixture
components so that for the multi-dimensional case
pi (x|θi ) = N (x|µi , Σi )


1
1
T −1
exp − (x − µi ) Σi (x − µi )
= √
2
2πΣi
= Ni
(2)
where µi is the mean and Σi is the full covariance.
Figure 3 illustrates an example of a Gaussian mixture
model with three components. It also shows a typical
sample set taken from the true distribution.

3

GMM Filter

Conventionally, the Kalman filter and the Particle filter have been used for Bayesian estimation in tracking
and robotics. If nonlinear motion models are required,
the Kalman filter can be replaced with the extended
Kalman filter. Both the Kalman and extended Kalman
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Bayes theorem provides an incremental and recursive,
probabilistic method for combining observations zk , of
a state xk . A sensor observation at time tk , is modeled as a conditional probability distribution P (zk |xk ).
This is then incorporated with a prior belief P (xk−1 ) to
determine a revised posterior distribution on the state:
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Figure 3: Mixture of three Gaussians in a twodimensional space. Top) Contours outlining one standard deviation for each mixture component. Middle)
Probability density of the mixture distribution. Bottom)
500 sample points from the distribution.
filters suffer from the restriction that the probabilistic
representations must be Gaussian. However, the general
Bayesian approach to filtering includes the possibility of
combining non-Gaussian sensor observations in a rational manner.
Particle filters offer a general Bayesian method for
combining probabilistic models. Representations of the
distributions are in the form of samples. For this reason,
particle filters can run into computational issues if the
state space is of high dimension. An alternative general
probabilistic representation is a GMM which also allows
the generality of the Bayesian estimation problem to be
exploited.
The following sections will show how GMMs can be
incorporated in the general Bayesian estimation formulation and allow essential operations to be efficiently performed. Sec 3.1 describes Bayes theorem in which new
observations in the form of GMMs are combined with
prior information. Sec. 3.2 shows the derivation for the
prediction of future states using GMMs.

(3)

where P (x̂k |zk−1 ) is the predicted distribution calculated using the Chapman-Kolmogorov equation.
GMMs allow the update step involving Bayes theorem
to be solved analytically which in general is not possible.
Substitution of the general probability distributions with
GMMs given in Eq.s 1 and 2 results in
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Measurement Update: Bayes Theorem

M
X
i=1

πzi Nzi

N
X
j=1

πxj Nxj

(4)

where A = 1/P (zk |zk−1 ) is a normalising constant, the
Nz ’s are the mixture components for the likelihood distribution P (zk |xk ), and the Nx ’s are the mixture components for the prediction P (x̂k |zk−1 ). Similarly for the
priors πz and πx .
Expanding Eq. 4:
P
 (xk |zk ) = A×
(πz1 πx1 Nz1 Nx1
 + (πz2 πx1 Nz2 Nx1



+ (πzM πx1 NzM Nx1


+ πz1 πxN Nz1 NxN )
+ πz2 πxN Nz2 NxN ) 



+ · · · + πzM πxN NzM NxN )
(5)
So each term reduces to a multiplication of two weighted
Gaussians with an analytical solution:
Nz Nx = kzx

+ ···
+ ···
..
.

1
(2π)

n/2

1

|Σzx

|1/2

e− 2 [x−µzx ]

T

Σzx −1 [x−µzx ]

(6)

where n is the dimensionality of the state,
kzx

=

(2π)

|Σzx |1/2

n/2

× e − 2 [µ z Σ x
1

(7)

|Σz |1/2 |Σx |1/2
T

−1

−1
−1
µzx ]
µx −µT
µz +µT
zx Σzx
x Σx

(8)

with
Σzx −1 = Σz −1 + Σx −1

(9)

and
µzx = Σzx Σz −1 µz + Σx −1 µx



(10)

Since an analytical solution can be obtained, numerical computation is very fast. However, each update increases the number of Gaussian mixture components resulting in the need for a step in which a reduction of the
parameter set must occur.

3.2

Prediction: The
Chapman-Kolmogorov Equation

The prediction step is performed in between observations and is achieved using the Chapman-Kolmogorov
equation:
Z
P (x̂k |zk−1 ) = P (xk |xk−1 )P (xk−1 |zk−1 , x0 )dxk−1

(11)
where the transition probability density P (xk |xk−1 ) is
known as the motion model, P (xk−1 |zk−1 , x0 ) is the updated estimate from the previous time step, and x0 is
the initial state.
The Chapman-Kolmogorov equation involves the
knowledge of the state xk−1 at time tk−1 summarised by
the probability distribution P (xk−1 ). The motion model
P (xk |xk−1 ) describes the stochastic transition from a
state xk−1 at time tk−1 to a state xk at time tk . This
transition is related to an underlying model of the target given by xk = f (xk−1 , uk ). Thus, the ChapmanKolmogorov equation is the summation of the product
between the probability of the target being at a particular state xk−1 and the probability of it evolving to all
other states xk , over all possible states xk−1 . This evolution equation is therefore a convolution between the
motion model and the prior distribution.
As with Bayes theorem, GMMs allow an analytical
solution for the Chapman-Kolmogorov equation. Again
this ensures real time numerical computation in the update and prediction steps. Substituting GMMs into Eq.
11 for the two distributions results in a similar equation to Eq. (5) but with each term being a convolution
between two weighted Gaussians rather than a multiplication.
It can be shown that a convolution between two Gaussians is also a Gaussian with the form [Norwich, 2003]
πN (µ1 + µ2 , Σ1 + Σ2 )

(12)

where the subscripts denote the variables for the two
Gaussians and π is a constant weighting term.
Similarly to the Bayes update step, the solution to
the Chapman-Kolmogorov equation is a weighted sum of
M ×N Gaussians. It must be noted that due to the multiplicative increase in this prediction step a re-estimation
step is also needed here if the number of Gaussian mixture components is to remain small.

4

Density Estimation for GMMs

As demonstrated in the previous section, both the update and prediction for GMMs result in a multiplicative increase of the mixture components. Thus, similarly to the resampling step for a particle filter, a reparameterisation or re-estimation step is required.

The expectation-maximisation (EM) algorithm provides a general approach to the problem of maximum
likelihood (ML) parameter estimation in statistical models with variables that are not observed. An example of
such hidden variables are the underlying mixture components in a GMM. It is possible to use a numerical optimisation routine for maximising the likelihood and subsequently estimating the parameters. However, it would
be useful to take advantage of the underlying structure of
the model, breaking the optimisation problem into manageable pieces. EM ensures that this is implemented in
a systematic way.
EM is an iterative algorithm involving two steps. For
a GMM, the E-step involves calculating the probability
of the ith mixture component given the data and parameters
p(hin |xn , µi , Σi )

=

p(xn |hin , µi , Σi )p(hin |πi )
(13)
p(xn |µi , Σi )

= τni

(14)

i

where h is an unobserved variable equal to 1 if the data
point xn , belongs to the ith mixture component and 0
otherwise. Note that the E-step is a form of Bayes theorem and for this reason τ i is referred to as the posterior
and πi as the prior.
The M-step involves calculating the parameters; the
weighted sample means, covariances, and priors, which
are used as inputs in the next iteration of the E-step.
PN
i
n=1 τn xn
µi =
(15)
PN
i
n=1 τn
PN
i
T
n=1 τn (xn − µi ) (xn − µi )
(16)
Σi =
PN
i
n=1 τn
πi

=

N
1 X i
τ
N n=1 n

(17)

Implementation of these two steps provides a simple
algorithm which converges to the maximum likelihood.
However, EM is sensitive to parameter initialisation and
can converge to a local maximum rather than the true
value for the maximum likelihood. Convergence can also
be very slow if the initial parameters are particularly bad
compared to the true values.
The computational complexity of the EM algorithm
for GMMs is O(i × N D 2 ) where i is the number of iterations performed, N is the number of samples, and D is
the dimensionality of the state.
To ensure quick convergence, a number of other algorithms can be used for initialisation, of which k-means
clustering is one [Mackay03]. The k-means algorithm
tries to assign the nearest cluster mean (or centre) to
each data point. Once the assignments are known, a new
cluster mean can be calculated using a sampled average.

Unfortunately k-means suffers from poor computational scalability for large numbers of multi-dimensional
data points. Pelleg and Moore have addressed this issue
of speed using the X-means algorithm which embeds the
dataset into a multiresolutional kd-tree and stores sufficient statistics at its nodes [Pelleg & Moore, 2000]. The
computational complexity for a naive k-means algorithm
is O(kDN ) where k is the number of clusters. With the
acceleration modifications in X-means, the complexity
reduces to O(D) [Pelleg & Moore, 1999].
Additionally, X-means efficiently determines the number of clusters by continuously splitting existing cluster centres and comparing k-means results using the
Bayesian Information Criterion. Most searches for the
number of clusters proceed sequentially, trying each
value of k. This results in a computational complexity
of O(kmax ). X-means improves the structure on which
to search decreasing the complexity to O(log kmax ).
This fast implementation of k-means gives a reasonable parameter initialisation for the EM algorithm ensuring that only a few iterations are needed before convergence to the ML is achieved.

Figure 4: One of the typical test distributions used
for evaluation of the described density estimation techniques. Note that the modes are closely spaced and of
different size.
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Results

This section illustrates the effectiveness of the density
estimation techniques presented above. The estimated
distribution will be visually compared with the true distribution and the computational time will also be given.

5.1

Comparison of the Estimated and
True Distribution

It is often the case that density estimation techniques
are evaluated with test distributions that have well separated modes. However, the multimodal distributions
that result from sensor observations are commonly close
together, non-spherical, and of different sizes. A typical test distribution used to evaluate the combination of
X-means and EM is shown in Fig. 4.
Sampling from known Gaussian mixture components
is very efficient. 5000 samples were taken from the true
distribution and used for the density estimation methods. In two dimensions, X-means consistently resulted in
good parameter initialisation with a sufficient number of
data points. In the case of mixtures with less than five
components, 5000 data points were required. Further
studies are needed that address the scalability of this algorithm with comparisons to resampling for a particle
filter. Figure 5 explicitly illustrates the difficulty in determining the separate modes when only the samples are
observed.
Figure 6 compares the true probability distribution
(top), the estimated distribution after X-means using
5000 samples from the true distribution (middle), and
the estimated distribution once the EM algorithm has
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Figure 5: 500 samples from the mixture distribution in
Fig. 4. Note that it is quite hard to determine the three
modes.

been performed using the parameters from X-means as
initial conditions (bottom). Note that the X-means estimate is quite poor due to the implicit assumption that
the underlying mixture components are spherical Gaussians. This incorrect assumption compounded with the
small separation of modes in the distribution can result
in faulty determination of centres. However, X-means
provides reasonable initialisation parameters for the EM
algorithm.
Figure 7 shows the contours at one standard deviation
of the original distribution. Also shown are the resulting position and number of centres from the X-means
algorithm and the contours from EM. As can be seen,
X-means has performed quite well and has found positions for the centres which are close to the true values.
The EM algorithm is able to use these centres and within
20 iterations can find a good estimate of the true distribution.
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Figure 6: Comparison between the true and estimated
distribution after X-means and EM. Top) The true probability distribution. Middle) The estimated distribution
after X-means. Note that the estimate is poor as Xmeans assumes that the Gaussian mixture components
are spherical. Bottom) Final estimate after EM. This
distribution matches quite closely to the original.

5.2

Computational Speed

Code for the X-means algorithm was provided by Pelleg
and Moore and is implemented in C [Pelleg & Moore,
2004]. The determination of the number and position of
centres by X-means takes 0.31s on average for 5000 data
points using a 1.5GHz Pentium Centrino.
Since X-means provides reasonable initialisation paramaters, only a small number of EM iterations need to be
performed. Thus computational time remains minimal,
although EM is relatively computationally slow. Estimation using a Matlab implementation of EM on the same
computer as above takes 0.57s. Significant gains in speed
could be achieved if the EM algorithm was implemented
in a language such as C/C++. Additional performance
enhancements could be achieved using approximations
to the EM algorithm such as Variational Bayesian EM
[Beal & Ghaheramani, 2003]. This particular method allows much faster convergence and also allows the use of
smaller data sets, again decreasing computational time.

6

Conclusion

This paper has shown that Gaussian mixture models can
be used as compact representations for complex models of the world. In addition, analytical solutions were
derived for the general Bayesian filtering problem often
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Figure 7: Comparison between the true and estimated
distribution after X-means and EM. Top) Contours at
one standard deviation of the distribution in Fig 4. Middle) Centres found by X-means. Bottom) Estimated covariances after EM.
used in robotics and tracking. The major hurdle preventing GMMs from being a computationally efficient
tool for the autonomous systems domain is the multiplicative increase of parameters in each of the Bayesian
filtering operations.
A solution to this problem was presented here in the
form of a re-parameterisation step. This re-estimation
involved a computationally fast clustering algorithm, Xmeans, which was used to initialise parameters for the
EM algorithm. Only a few iterations of EM were subsequently needed to ensure an accurate estimate of the
true distribution. Since this density estimation step was
shown to be computationally fast, it potentially can
be performed after each Bayesian observation update
for many existing sensor data rates. Thus, GMMs are
a viable representation for probabilistic modelling and
Bayesian filtering.
A number of improvements to these estimation algorithms are currently being investigated. Firstly, the
statistical measure for determination of the number of
modes in X-means can be significantly improved. At
present, there is an assumption that the mixture components are spherical. Incorporation of a statistical measure which allows for non-spherical Gaussian mixture
components is needed if accurate determination of the
number and position of modes is required. This should
also allow a smaller number of data points to be needed
without loss in the quality of parameter initialisation.

Additionally, approximations to the EM algorithm,
such as the Variational Bayesian EM algorithm, can
also provide a significant decrease in computational time.
With these improvements, it is envisioned that real-time
performance for combining all incoming sensor data,
modelled as GMMs, will indeed be possible.
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