










Figure 6: The black region indicates a successful LQR
balance for various initial 
 and �̇, where ' and '̇ were
initialised to 0. The translucent blue region indicates a
successful LQR balance for various initial 
 and ', where
�̇ and '̇ were initialised to 0. Note that ∣'∣ ≤ �, where
� ≈ 0.93 represents a foot rotation such that the ground
contact point coincides with the edge of the foot.
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Figure 7: Parameters and state variables of an inverted
double pendulum on a circular base. Parameters and
state variables are shown in black and blue respectively.

pendulum. The cost function is given by

J =

∫ 1

0

(
x> Qx + u> Ru

)
dt (33)

for the state and input vectors

x =
(
' �1 �2 '̇ �̇1 �̇2

)>
(34)

u =
(
�1 �2

)>
(35)

where the cost matrices were set to

Q = diag(10, 1, 1, 0.1, 0.1, 0.1) (36)

R = diag(1, 1) (37)

For parameters given in Table 2, the value of the LQR
gain feedback matrix was calculated to be

K ≈
(
−65 69 19 −18 18 6
34 −34 −6 9 −9 −2

)
(38)

The first 1.5 seconds of simulation are shown in Fig-
ure 8. Not visible in the plot, the torques started at
�1 ≈ 6.2N and �2 ≈ −3N. Similar to the single pendulum
simulation, the �1 declined rapidly to about 0.004 sec-
onds into the simulation, then gradually rose and even-
tually decline as can be seen in the plot. The torque �2
increased monotonically for the period outside the plot’s
range.

l1, l2 r ℎ m1, m2 mf g
0.25 0.0625 0.025 0.5 0.1 9.81

Table 2: Double pendulum parameters used for simula-
tion, where l1, m1, and l2, m2 represent half the lengths
and the masses of the first and second pendulum rods
respectively, counting from the ankle.

6 Conclusion

A benefit of circular feet over flat feet is that the limit of
available control shifts from being both state and torque
bound with a flat foot to only state bound with a cir-
cular foot. In addition to this and the benefits already
mentioned in literature, a circular foot with an actuated
ankle allows a biped to maintain partial control of the
ground-contact point, similar to the complete control of-
fered by robots on wheels. However, a circular footed
pendulum is always unstable, and requires constant bal-
ance control to remain standing.

If the benefits mentioned in this paper, and the bene-
fits to energy efficiency and smooth rolling motion men-
tioned in other literature out-weigh this restriction then
circular or rounded feet should be considered as an al-
ternative to flat feet.
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Figure 8: Simulation of balancing an inverted double
pendulum on a circular base for 1.5 seconds (see Video
2). Initial angle of the pendulum was �1 = −0.09 rad,
and all other state values were initialised to 0. Top:
Frames from the video in chronological order. Bottom:
State and torque vs time, vertically aligned with the top
image. The coloured solid curves show the progression
of the corresponding state and input values. The blue
dashed horizontal line represents �, that is, when the
ground contact point would coincide with the edge of
the foot.

Appendix: Double Pendulum Dynamics

The equations of motion2 for an inverted double pendu-
lum on a circular base are given by

D(q)q̈ + C(q, q̇) + G(q) =

⎛⎝ 0
�1
�2

⎞⎠
where the elements of the above matrices are given by

d11 = I1 + I2 + If + ℎ2m1 + l21m1 + ℎ2m2

+ 4l21m2 + l22m2 + c2mf − 2ℎ(m1 +m2)r

+ (2(m1 +m2) +mf )r2

+ 2l1(m1 + 2m2)(ℎ− r) cos(�1)

+ 4l1l2m2 cos(�2)

+ 2(l2m2(ℎ− r) cos(�1 + �2)

+ r(l1(m1 + 2m2) cos(
1)

+ l2m2 cos(
2)

+ (−cmf + (m1 +m2)(ℎ− r)) cos(')))

(39)

2derived with the Mathematica [Wolfram Research, Inc.,
2008] computer algebra system.

d12, d21 = −I1 − I2 − l21m1 − 4l21m2 − l22m2

− l1(m1 + 2m2)(ℎ− r) cos(�1)

− 4l1l2m2 cos(�2)− ℎl2m2 cos(�1 + �2)

+ l2m2r cos(�1 + �2)

− l1m1r cos(
1)− 2l1m2r cos(
1)

− l2m2r cos(
2)

d13, d31 = −Ib2 − l22m2

− l2m2(2l1 cos(�2) + (ℎ− r) cos(�1 + �2)

+ r cos(
2))

d22 = I1 + I2 + l22m2 + l21(m1 + 4m2)

+ 4l1l2m2 cos(�2)

d23, d32 = I2 + l22m2 + 2l1l2m2 cos(�2)

d33 = I2 + l22m2

c1 = ((ℎ− r + r cos('))(l1(m1 + 2m2) sin(�1)

+ l2m2 sin(�1 + �2))

− r(l1(m1 + 2m2) cos(�1)

+ l2m2 cos(�1 + �2)) sin('))�̇21

+ 2l2m2(2l1 sin(�2) + (ℎ− r) sin(�1 + �2)

+ r sin(
2))�̇1�̇2 + l2m2(2l1 sin(�2)

+ (ℎ− r) sin(�1 + �2) + r sin(
2))�̇22

+ (−2((ℎ− r + r cos('))(l1(m1 + 2m2) sin(�1)

+ l2m2 sin(�1 + �2))− r(l1(m1 + 2m2) cos(�1)

+ l2m2 cos(�1 + �2)) sin('))�̇1

− 2l2m2(2l1 sin(�2) + (ℎ− r) sin(�1 + �2)

+ r sin(
2))�̇2)'̇+ r(l1(m1 + 2m2) sin(
1)

+ l2m2 sin(
2)

+ (cmf − (m1 +m2)(ℎ− r)) sin('))'̇2

c2 = −4l1l2m2 sin(�2)�̇1�̇2

− 2l1l2m2 sin(�2)�̇22 + 4l1l2m2 sin(�2)�̇2'̇

+ (ℎ− r)(l1(m1 + 2m2) sin(�1)

+ l2m2 sin(�1 + �2))'̇2

c3 = 2l1l2m2 sin(�2)�̇21 − 4l1l2m2 sin(�2)�̇1'̇

+ l2m2(2l1 sin(�2) + (ℎ− r) sin(�1 + �2))'̇2

g1 = g(l1(m1 + 2m2) sin(
1)

+ l2m2 sin(�1 + �2 − '(t)))

+ (cmf − (m1 +m2)(ℎ− r)) sin(')

g2 = −g(l1(m1 + 2m2) sin(
1) + l2m2 sin(
2))

g3 = −gl2m2 sin(
2)
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