








Figure 7: Frame F , Fi and Mi

Fwi are then calculated as

Fwi =F
Fi

R Fi

Mi
R Miwi (9)

There are two constraints in the RSMG, they are

Fwi ·F ui = cosα (10)

Fvi ·F wi = cosβ (11)

However, (10) was used in defining Mi wi in (8). Substi-
tute (9) and (5) in (11), we have

Fvi
T

[ FXFi
FYFi

FZFi ]

 cos θi sinα
sin θi sinα

cosα

 = cosβ

(12)
Let

gi
T = [ g1 g2 g3 ] (13)

where
g1

T = Fvi
T FXFi

(14)

g2
T = Fvi

T FYFi
(15)

g3
T = Fvi

T FZFi
(16)

then, we have

[ g1 g2 g3 ]

 cos θi sinα
sin θi sinα

cosα

 = cosβ (17)

rearranging (17), we have

g1 cos θig2 sin θi =
cosβ − g3 cosα

sinα
= g4 (18)

Let
sin δ =

g1√
g1

2 + g2
2

(19)

Figure 8: Frame F , Fi, Mi1 and Mi2

cos δ =
g2√

g1
2 + g2

2
(20)

Finally, θi is given by

θi = arcsin(g4)− δ (21)

and
θi = π − arcsin(g4)− δ (22)

where
δ = arctan(g1, g2) (23)

3.3 Direct Kinematics
In direct kinematics of the RSMG, the angular displace-
ments of the rotor are obtained by the given angular
displacements of the active joints. It is desired to set up
encoders to monitor the angles between upper links and
lower links, the passive joints (γi), which is required in
direct kinematics.

Figure 8 shows all the frames, u, v and w required in
direct kinematics. As describe in inverse kinematics (6),
Fi is a set of frames such that ui are always lay on the
z-axes of Fi. By rotating the X axis, Fi

Mi 1
R and Mi1

Mi2
R

are defined as in (25 and 26). F
Mi2

R are the rotational
matrices to map vi which is defined as follow.

F
Mi2

R =F
Fi

R Fi

Mi1
R Mi1

Mi2
R (24)

where

Fi

Mi1
R =

 cθi −sθi 0
sθi cα cθi cα −sα
sθi sα cθi sα cα

 (25)

Mi1

Mi2
R =

 cγi −sγi 0
sγi cβ cγi cβ −sβ
sγi sβ cγi sβ cβ

 (26)
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and i = 1, 2, 3 and 4.
Then F vi is calculated by

Fvi =F
Mi2

R Mi2vi (27)

rewrite (5), we have

Fvi =F
M R Mvi (28)

For F vi and Mvi, they can be written in matix forms
so that K and L are defined, where K is a matrix of all
Mvi and L is a matrix of all F vi from (27).

K = [ Mv1
Mv2

Mv3
Mv4 ] (29)

L = [ Fv1
Fv2

Fv3
Fv4 ] (30)

then, we have
L =F

M R K (31)

and finally, we have

F
MR = LKT(KKT)−1 (32)

Finally, the Euler angles can be found by the above
equations based on the active joints θi and passive joints
γi .

3.4 Singularity

As mentioned in Section 2, parallel manipulator has
singularities. There are two types of singularities,
workspace-boundary singularity, workspace-interior sin-
gularity and simultaneous singularity [Gosselin and An-
geles, 1990]. The kinematic relationship between the ac-
tive joints and the orientation of the rotor is given by:

Aω + Bθ̇ = 0 (33)

where

A =


(Fw1 ×F v1)T

(Fw2 ×F v2)T

(Fw3 ×F v3)T

(Fw4 ×F v4)T

 (34)

B = diag


Fw1 ×F u1 ·F v1
Fw2 ×F u2 ·F v2
Fw3 ×F u3 ·F v3
Fw4 ×F u4 ·F v4

 (35)

3.5 Identify Singularity

As described above, the workspace-interior singularity,
type A singularity, occurs when det(A) = 0 and the
workspace-boundary singularity, type B singularity, oc-
curs when det(B) = 0.

Workspace-Interior Singularity

Workspace-Interior Singularity based on Matrix A. It
is because Matrix A is a 3 by 4 matrix, the rank of A
is employed to indicate the workspace-interior singular-
ity. When Rank(A) = 3, the motion is singularity-free.
When Rank(A) < 3, the motion engages singularity.

To avoid type A singularity, it is necessary to avoid
Rank(A) < 3. Recall (36), we have

A =


(Fw1 ×F v1)T

(Fw2 ×F v2)T

(Fw3 ×F v3)T

(Fw4 ×F v4)T

 =


r1
r2
r3
r4

 (36)

Assume r1 and r2 are independent. Then, we make
two sub-matrices to determine when it is singular be-
cause A is a 4 by 3 matrix.

A1 =

 r1r2
r3

 (37)

A2 =

 r2r3
r4

 =

 r2
α1r1 + β1r2
α2r1 + β2r2

 (38)

A is rank-deficient only when A1 and A2 are both sin-
gular. ie:

det(A1) = 0 and det(A2) = β1β2

 r2r1
r1

 = 0

(39)
It is found that if det(A1) = 0, which means r1 is

dependent on r2 and r3. If det(A2) = 0, which means
r4 is dependent on r2 and r3. It implies that A3 and A4

are no longer necessary for determining the workspace-
interior singularity.

Workspace-Boundary Singularity

To find the workspace-boundary singularity base on Ma-
trix B, we simply set

det(B) = 0 (40)

it implies

|F wi
Fui

Fvi |= 0 (41)

It means, B is singular when Fui, F vi and Fwi are
coplanar. It means, when γi is equal to 0o or 180o.

γi = 0o or 180o (42)

Australasian Conference on Robotics and Automation (ACRA), December 2-4, 2009, Sydney, Australia



4 Operation Scheme

To avoid singular configurations, an in-build self-
reconfiguration scheme is proposed. The scheme pre-
dicts the undesired orientations which lead to singular
configurations and present a better trajectory between
the source and the destiny. There are two main condi-
tions which are set for the self-reconfigurablity. They are
based on the singularities which have been discussed in
the previous section.

4.1 Operation

In the operation, it is mainly built by a for loop, as
the step increases, the data of the whole mechanism is
obtained and presented as graph. Finally, an animation
is generated based on the obtained data. As it is show in
the flow chart, the constants such as α and β are all set
as initials. F

MR and Fwi and then calculated. Initially,
vR is calculated as

vR =M
Mi

R Mivi (43)

By vR and F
MR, F v is obtained by (5) which is represent-

ing the position of EMa. Using the constraint described
in (11), θi are calculated. However, there are arbitrary
solutions which means an unique solution have to be
picked for a continuous animation. After the unique so-
lution is picked, the θs are used to calculate ws. By Wn

and Wp, vb and vc are found. Then, Γ is calculated base
on va, vb, vc and ws, where

Γ =

 γaγb
γc

 (44)

After the above information has been obtained,
switching scheme is then considered. As described above,
the switching scheme is base on the singularities of arms.
This scheme is called ”Round Robin” as it tries to rotate
the switching from EMa, EMb and EMc then go back
to EMa. In this proposed scheme, B is considered first
then A. The flow chart of ”Round Robin” is shown in
Figure 10.

4.2 Avoidance of Type B Singularity

It is necessary to switch before the arms have come to
singular so that the range of Γ are always between 10o

and 170o. i.e.
10o < Γ < 170o (45)

If the data of the current step meet the requirement, it
would go the check with the type A singularity. If not,
it would go though them in the order of γa, γb and then
γc. If the data couldn’t fulfill either of them, it would
break out of the loop as shown in Figure 10.

Figure 9: Desired EM and γ

4.3 Avoidance of Type A Singularity
Similar to B, switching before the arms have come to
singular is necessary so,

−0.01 < |A1| < 0.01 and − 0.01 < |A2| < 0.01
(46)

If the data of the current step meet the requirement,
it means the arms are close to singularity surface and
switching is required. If not, it would choose the correct
vector as the reference vector and present the presenta-
tion vector. Finally, the step is added and a new iteration
starts.

4.4 Result from Animation of Arm 1
The above operation scheme is applied. The result is
animated and shown in Figure 11.

It is found that ”Round Robin” allows the lower link
to switch in order to avoid singular configurations. As
shown in the figure, γ is the angle between the upper link
and the lower link with the desired EM, which is attached
on the rotor, as shown in 9. When the switching occurs,
the angle γ is rearranged and it causes a jumping from
roughly 170o to 10o.

5 Practical Consideration

In the development of RSMG, there are two practical
considerations, the residual magnetism and robust of the
electromagnets. The electromagnets are used to attach
the rotor firmly, the rotor is then rotated by the arms,
not the electromagnets. A test was taken and it showed
that the electromagnet is strong enough to hold a steel
ball. The residual magnetism will not be a problem,
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Figure 10: Flow Chart of the Operation Scheme
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Figure 11: γ against time of Arm 1

because the electromagnets are not attaching to a single
point for too long during the reconfiguration. Further,
if it occurs, opposite pole of magnet is inducted on the
surface of the sphere which enhances the magnetic field.

6 Conclusion

The reconfigurable spherical motion generator (RSMG)
is a new mechanism which is able to generate unlimited
continuous spherical motion. This mechanism has capa-
bility of disengagement and re-engagement. The motion
of this redundant device is fully controlled and the unde-
sired configurations are completely avoided. Combining
the analysis results of kinematic and singularity and the
abilities of disengagement and re-engagement, the oper-
ation scheme is developed.
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