








 

 

 
Figure 4d. Initial population obtained by Hybrid-Game on 
NSGA-II. 
 

 
Figure 4e. Pareto fronts obtained by NSGA-II and 
Hybrid-Game on NSGA-II after 50 generations. 
 
Figure 4e compares the convergence obtained by 
NSGA-II and Hybrid-Game on NSGA-II. The 
optimization is stopped after 50 generations with a 
population size of 100. It can be seen that the 
Hybrid-Game helps NSGA-II to find true Pareto front 
faster while the NSGA-II without Hybrid-Game needs 
more function evaluations for the Pareto members as 
marked by the red circle. Numerical results clearly show 
the benefits of using Hybrid-Game. 
In this paper, each Nash-Player will optimise either the 
paths from the start position to the target position or from 
the target position to the start/end position. 

3 Mission Path Planning 
 In this work, a we consider a UAS fitted with an air 
sampling device or spores trap will survey, monitor a 
mountainous area and avoid collision with known fixed 
obstacles from a start position to a target position or from 
a start point to a target point and to a different end point.  
Results obtained by NSGA-II and Hybrid-Game will be 
compared in terms of solution quality and computational 
expense. 

3.1 3-D Terrain  
The terrain is represented by meshing three dimensional 
surfaces with obstacles and altitude constraints. There can 
be two types of terrain; the first is a short distance with a 
small number of obstacles and hazard zone as shown in 

Figure 5a and the second is a long distance terrain with a 
large number of obstacles as shown in Figure 5b. In this 
paper, long distance terrains are considered. 
 

 
Figure 5a. Short distance terrain. 
 

 
Figure 5b. Long distance terrain. 
 
The example terrain is shown in Figure 5b where there are 
obstacles in 90% of the area to survey. The red square is 
the starting position and the blue square is the target 
position. This artificial terrain is randomly generated 
however it could represent some real geographical data. 
For the application considered in Section 4, a constraint is 
imposed on the UAV to fly below 60% of maximum 
altitude due to limitations in the air sampling/spores trap  
or due to regulatory constraints as represented by the pink 
surface as shown in Figure 6.  
 

 
Figure 6. Baseline terrain with altitude constraints (Test 
1). 
 
The UAV may be tasked to fly higher however the UAV 
may need to fly at lower altitudes due to; 
 

1. Air Traffic Control and separation. 

Start Position 
(100,100,100) 

Target Position 
(1800,1800,100) 
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2. Sampling objectives cannot reach to high altitude. 
For instance, led will not be polluted upto 10,000 
ft. 

 
Therefore, to be a valid, collision free trajectory, the z 
coordinates of a candidate trajectory  should be below 
this altitude constraint and should avoid obstacles in the x 
and y direction. Two terrains are considered in the 
applications; Test 1 (Figure 6) and Test 2 (Figure 7). 
 

 
Figure 7. Baseline terrain with altitude constraints (Test 
2). 
 
The paper considers two applications;  
Test case 1 considers minimization of two trajectories 
from the start position (100, 100, 100) to the target 
position (1800, 1800, 100) and then from the target to the 
start position. 
Test case 2 considers minimization of two trajectories 
from the start position (900, 100, 150) to the target 
position (1800, 1800, 100) and then flying to the end 
position (100, 900,150). 

3.2 Collision-Free Trajectory 
The trajectory is generated using Bézier spline curves in 
three dimensional environment since the Bézier functions 
are useful in defining shapes and surfaces without sharp 
corners. The Bézier spline curves are computed from a 
parametric mathematical function which uses the control 
points (Pn) as parameters in terms of three dimensional 
Cartesian coordinate system i.e. (x, y, z). The start, target, 
end positions are fixed and the middle control points are 
variables. The coordinates of a trajectory are computed 
using equations 3, 4 and 5; 
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where n is the number of coordinates points in the 
trajectory and m represents the number of control points  
for Bézier spline curve. The parameter t is between 0 to 1 
i.e t∈[0,1].  
Twenty two control points are considered to produce a 
detailed trajectory. The trajectory from the start position 

to the target position will be marked as a red line while a 
blue line will represent the trajectory from the target to 
the start position. 

3.4 Fitness Functions and Penalty Abstract 
The optimization consists of minimising the length of 
collision-free trajectories from the start to the target 
position and also the feasible return path to the start 
position or to an end position. The overall fitness function 
is therefore  
 

( )min ( )Totalf length Path Penalty= +        (6) 
 
where a Penalty will be applied when the z-coordinates of 
trajectories is lower than the z-coordinates of obstacles or 
higher than the altitude constraints. A penalty approach 
allows using good genetic material; part of a trajectory 
that may be optimal. Fitness function (6) represents the 
minimization to a single single-objective problem; 
however, the problem can be modified as a 
multi-objective problem if we consider two objectives one 
to minimise the length of the start to target path and a 
second one to minimise the target to start trajectory. The 
start position is (100, 100, 100) and the end position is 
(100, 900,150). 
The minimum distance; without constraints, is the straight 
line from the start position to the target position and back.  

4 Real World Design Optimisation 
Two applications are conducted for MPP design 
optimization using NSGA-II and Hybrid-Game. The 
Hybrid-Game employs one Pareto-Player and two 
Nash-Players that optimise the one direction trajectory; 
Test 1: Nash-Player1 (Start-Target) and Nash-Player2 
(Target-Start), Test 2: Nash-Player1 (Start-Target) and 
Nash-Player2 (Target-End). 

4.1 Test1:START-TARGET-START 
Problem Definition: The test is to minimise total 
trajectory length from the start position (100, 100, 100) to 
the target position (1800, 1800, 100) and back to the start 
position. This scenario occurs when a  UAV is launched 
and is asked to fly an optimal trajectory, collect some 
samples and return back to lunching point  and The 
fitness functions are; 
 

( )1 min ( )S Tf length Path Penalty−= +  

( )2 min ( )T Sf length Path Penalty−= +  
 

Subject to; 
z-coordinates < Altituderadar 

z-coordinates > AltitudeObstacles 
 

Stopping criteria; 
μi ≥ PopTotal and Fμi ≤ Pathmin+10% 

or ElapsTime ≥ 3 hours 
 
where μi is the number of individuals in total population 
(PopTotal = 20) and Fμi is the fitness value of individuals.  

Target Position 
(1800,1800,100) 

Start Position 
(900,100,150) 

EndPosition 
(100,900,150) 
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The stopping criteria is when the number of feasible 
solutions is equal or greater than total population size, and 
all paths lengths in the population have a length lower 
than 10% over the length of the straight line path. The 
optimization will be terminated if the elapsed time is more 
than three hours. 
This test was run five times using both NSGA-II and 
Hybrid-Game to compare the computational cost and 
solution quality. 
 
Design Variables: The trajectory is generated using 20 
control points for Start-Target and Target-Start. The y and 
z-coordinates are variables (y ∈ [0,2000], z ∈ [0,300]) 
while the x-coordinates are predefined. 
 
Interpretation of Numerical Results: The computational 
cost and numerical cost obtained by NSGA-II and 
Hybrid-Game are compared in Figures 8a and 8b. It can 
be seen in the last column (AVG: average computational 
cost of five tests) that the Hybrid-Game takes 13.5 
minutes while the computational cost of NSGA-II is 65.2 
minutes for five tests (T1 ~ T5). In other words, the 
Hybrid-Game reduces the computational cost of a 
standard MOEA such as NSGA-II by 80%. 
 

 
Figure 8a. Comparison of performance between NSGA-II 
and Hybrid-Game applied to NSGA-II. 
Note: AVG represents the average computational cost of 
NSGA-II and Hybrid-Game for five tests. 
 

 
Figure 8b. Comparison of performance (generations) 
between NSGA-II and Hybrid-Game applied to NSGA-II. 
 
The trajectories obtained by NSGA-II for this test are 
shown in Figure 9 where the red lines represent the 

trajectory from the start position to the target position 
while blue lines are for the trajectory from the target to 
the start position. The average distance of collision-free 
trajectories is 4,989 m which is only 3.7% higher than the 
minimum distance (Pathmin=4,989 m). 
 

 
Figure 9. Collision-free trajectories obtained by NSGA-II 
(Test 1). 
 
Figure 10 shows the paths obtained by the Hybrid-Game 
approach where the average distance of collision-free 
trajectories is 4,980 m which is only 3.5% higher than the 
minimum distance (Pathmin). 
 

 
Figure 10. Collision-free trajectories obtained by 
Hybrid-Game on NSGA-II (Test 1). 
 
Even thought, the paths obtained by Hybrid-Game are not 
as diverse as the paths obtained by NSGA-II, the 
computational cost of Hybrid Game is much lower and 
have the shorter collision-free trajectories. 

4.2 TEST2: START-TARGET-END 
Problem Definition: The purpose of this test is to 
minimise the total trajectory length from the start position 
(900, 100, 150) to the target position (1800, 1800, 100) 
and then to the end position (100, 900,150). This scenario 
occurs when we want to survey multiple fields. The 
fitness functions are; 

 
( )1 min ( )S Tf length Path Penalty−= +  

( )2 min ( )T Ef length Path Penalty−= +  
 

Subject to; 
z-coordinates < Altituderadar 

z-coordinates > AltitudeObstacles 
 

Stopping criteria; 
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μi ≥ PopTotal and Fμi ≤ Pathmin+10% 
or ElapsTime ≥ 3 hours 

 
The test case considers the same stopping criteria but 
smaller population which is only 10 members.  

 
Design Variables: The trajectory is generated using 20 
control points for Start-Target and Target-Start. The y and 
z-coordinates are variables (y ∈ [0,2000], z ∈ [0,300]) 
while the x-coordinates are predefined. 

 
Interpretation of Numerical Results: Figures 11a -c show 
the trajectories obtained by NSGA-II. The red lines 
represent the trajectory from the start position to the target 
position while the blue lines are for the trajectory from the 
target to the end position. NSGA-II has failed to find 
collision-free trajectories for Start-Target and Target-End. 
It can be seen that the trajectories obtained by NSGA-II 
collide with a fixed obstacle (Section-A) near the target 
position as shown in Figure 11b -c. 
 

 
Figure 11a. Trajectories obtained by NSGA-II (Test2). 
 

 
Figure 11b. Collision to the obstacle (Section-A). 
 

 
Figure 11c. Zoomed Section-A (Figure 11b). 
 

Figures 12a and 12b show the collision-free trajectories 
obtained by Hybrid-Game. The average distance of 
trajectories of Hybrid-Game is 4,182 m which is only 
8.6% longer than the minimum distance (Pathmin). 
 

 
Figure 12a. Trajectories obtained by Hybrid-Game on 
NSGA-II (Test 2). 
 

 
Figure 12b. Trajectories in another view point (Figure 
12a). 
 
Once these collision-free trajectories are obtained the next 
task is to translate them as way points on the UAS 
autopilot. The optimal solutions are very important since 
they are not only representing the shortest distance path 
ways but also collision-free trajectories. 

5 Conclusions 
This paper illustrated the benefit of coupling a 
Hybrid-Game strategy to a Multi-Objective Evolutionary 
Algorithm optimiser. The numerical techniques NSGA-II 
and Hybrid-Game on NSGA-II were compared in terms 
of performance efficiency and solution quality for a 
Mission Path Planning (MPP) problems. The coupling to 
NSGA-II was presented as it represents one of the well 
know MOEA optimisers. Nonetheless the Hybrid game 
strategy could be applied to other methods to improve 
their convergences. In this paper we considered off-line 
only applications future work will focus on on-line 
algorithms, the Nash-Game is fast enough to find on-line 
collision-free trajectories. Ongoing work focuses on 
exploring other trajectory generation techniques rather 
than the Bezier curves, work is also underway to define a 
real geographic terrain, other aircraft in the same region 

Section-A

Australasian Conference on Robotics and Automation (ACRA), December 2-4, 2009, Sydney, Australia



 

 

and how to input the trajectory as waypoints into the UAS 
autopilot. 
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