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Abstract

A smooth path planing algorithm for UAVs
in cluttered natural environments is presented.
A Rapidly-exploring Random Tree (RRT) al-
gorithm yields a piecewise collision-free linear
path amongst obstacles and cubic Bézier spiral
curves are used to generate a continuous curva-
ture path which satisfies the minimum radius
curvature constraint. After this path smooth-
ing algorithm, there still exists extra length
margins which can make the path smoother.
To fully utilize these length margins, the Inter-
active Algorithm is suggested. Furthermore, if
there is a violation of the maximum curvature
constraint, a Bisection Algorithm can mitigate
this constraint. Simulation results show that
the Interactive Algorithm combined with the
Bisection Algorithm can utilize the full length
margins and satisfy the maximum curvature
constraint.

1 Introduction

Path planning for Unmanned Aerial Vehicles (UAVs) in
complex environments is an active research area [1]-[3].
The path planning problem for UAVs is difficult since
these vehicles have fast and complicated dynamics and
are compounded by the issues of real time navigation in
3D space.

The computational time of deterministic and complete
algorithms grows exponentially with the dimension of
the configuration space, so these algorithms do not pro-
vide an adequate solution for real-time UAV path plan-
ning in unknown natural environments [4].

Recently, sampling-based motion planning has gained
much interest as an alternative to complete motion plan-
ning methods. Amongst these methods, is the Rapidly-
exploring Random Tree (RRT), which has been demon-
strated successfully in UAV applications [4]-[7].

The standard RRT algorithm produces a time-
parameterized set of control inputs to move from the ini-

tial state (xstart) to the goal state (xgoal). The validity
of the result is dependant on the accuracy of the state-
space model being used. In real UAV applications, we
encounter sensor inaccuracies, wind, and other unmod-
eled factors. These are some of the key disadvantages of
using an open-loop path planner such as standard RRT
[5].

In this paper, a decoupled path planning and con-
trol method is used instead of generating a time-
parameterized set of control inputs. This method gener-
ates a purely geometric path consisting of straight line
segments. Since it is not possible for the UAV to follow
this path exactly without stopping at sharp angles, it is
necessary to smooth the path.

In the UAV community, most researchers apply the
Dubins algorithm to generate a smooth path [8]-[10].
Cubic splines are used to generate a smooth path for
an autonomous unmanned helicopter in [6] but it is still
of C1 continuity as with Dubins curves. When the UAV
begins to fly the circular path, there is a step change of
angular velocity as the previous angular velocity is zero
whilst the vehicle was traversing along the straight line
segment.

We use cubic Bézier curves to generate a continuous
curvature path. However a significant disadvantage of
this parametric cubic curve is that its curvature is a
complicated function of its parameter. If a geometric
property of the curve is used, it is possible to reduce
the complexity of the curve. In [11], the authors sug-
gested a computationally efficient path smoothing algo-
rithm which satisfies G2 continuity and nonholonomic
constraints. However there still exists extra length mar-
gins. We suggest an algorithm to fully utilize the max-
imum length margins. Moreover, if there is a violation
of the maximum curvature constraint, a Bisection algo-
rithm can mitigate this constraint.

The rest of the paper is organized as follows: Section
2 describes path planning methods, and the C1 Contin-
uous Cubic Bézier Curve (C1CBC) and the G2 Continu-
ous Cubic Bézier Spiral (G2CBS) path smoothing algo-



rithms are shown at Section 3. The Interactive smooth-
ing algorithm and the Bisection algorithm are presented
in Sections 4 and 5. 3D path smoothing method is shown
at Section 6 and the G2CBS path smoothing process are
described at Section 7. Simulation results are shown at
Section 8 and conclusions are presented thereafter.

2 Path Planning

RRT was first suggested in [13] as a alternative to com-
plete path planning in high degree of freedom situations.
This control-theoretic method is open-loop planning and
works well if the state-space model of the platform is ex-
act. However, if there is a model mismatch, then the
generated path will differ from the real path. Moreover,
since the sensor information is not perfect, the path may
also be unsafe. Finally, in natural environments, there
are always winds which affect UAVs maneuvers. An open
loop path planning method cannot consider these distur-
bances at the planning stage and cannot compensate for
their effects.

Instead of generating a time-parameterized set of con-
trol inputs, we decouple the path planning and control
problems. We generate a purely geometric path using
a variant of RRT to define waypoints. Our RRT al-
gorithm operates as follows. First, a position xrand is
chosen at random from within the workspace, and this
point is compared with existing tree nodes to find the
closest point in the tree, xnear. A line is drawn connect-
ing xnear to xrand, and a new point xnew is generated
along this ray at a fixed distance d from xnear. If there
is no collision on the interval between xnear and xnew,
the latter is added to the tree.

Figure 1 (Left) shows the path planning result of RRT
Algorithm. The thin lines are all trees generated by the
algorithm and the thick line is the shortest path which
connects the starting point and the target point.

Even though RRT is an effective and computationally
efficient tool for complex online motion planning, the so-
lution is far from optimal due to its random exploration
of the space. We use a simple but quite efficient method
which can quickly find a path that eliminates most ex-
traneous nodes.

Let the original path of nodes from start to goal point
be denoted {x1, . . . , xN}, such that xN is the goal loca-
tion. Let the pruned path be initially an empty set, and
let j = N . The pruning operation is as follows. First
add xj to the pruned path. Then for each i ∈ [1..j − 1],
check the line between (xi, xj) for a collision, stopping
on the first xi without collision. Let j = i, add xj to the
pruned path, and repeat the process until a complete
path is generated. This method can get rid of unneces-
sary waypoints very quickly. Figure 1 (Right) shows the
result of path pruning algorithm applied to the initial
RRT path. The path has 45 nodes between starting and
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Fig. 1. (a) Our helicopter flying in the flight test site located in Marulan.
(b) The simulation environment cluttered with “trees”.

of generating a time-parameterized set of control inputs, we
decouple the path planning and control problems. We generate
a purely geometric path using a variant of RRT to define
waypoints. Our RRT algorithm operates as follows. First, a
position xrand is chosen at random from within the workspace,
and this point is compared with existing tree nodes to find the
closest point in the tree, xnear. A line is drawn connecting
xnear to xrand, and a new point xnew is generated along this
ray at a fixed distanced from xnear. If there is no collision
on the interval between xnear and xnew, the latter is added
to the tree. The planning time of RRT is reduced greatly by
biasing the generation of xrand, such that10% of the time it
equals xgoal rather than a random location. Fig. 2 (a) shows
the path planning result of RRT Algorithm. The green lines
are all trees generated by the algorithm and the red line is the
shortest path which connects the starting point and the target
point.

B. Path Pruning

Even though RRT is an effective and computationally effi-
cient tool for complex online motion planning, the solutionis
far from optimal due to its random exploration of the space.
It is thus required to remove unnecessary waypoints. In [7],
Dijkstra’s algorithm is used to prune the waypoints to generate
a near optimal path, but this method requires a bit large amount
of computational time. Therefore it loses the strong advantage
of RRT, namely fast planning. Instead, we use a simple but
quite efficient method which can quickly find a path that
eliminates most extraneous nodes.

Let the original path of nodes from start to goal point be
denoted{x1, . . . ,xN}, such thatxN is the goal location. Let
the pruned path be initially an empty set, and letj = N . The
pruning operation is as follows. First addxj to the pruned path.
Then for eachi ∈ [1..j − 1], check the line between(xi, xj)
for a collision, stopping on the firstxi without collision. Let
j = i, addxj to the pruned path, and repeat the process until
a complete path is generated. Even though this path is not
optimal, this method can get rid of unnecessary waypoints very
quickly. Fig. 2 (b) shows the result of path pruning algorithm
applied to the initial RRT path in Fig. 2 (a). The path has 45
nodes between starting and target point initially but the number
of nodes is reduced to only 1 after the redundant waypoints
are pruned.
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Fig. 2. (a) Path planning using Biased-Greedy RRT algorithm. (b) Path
pruning algorithm: The path consists of 45 nodes but after removing redundant
waypoints, the number of nodes is reduced to only 1.

III. PATH SMOOTHING

A. C1 Continuous Path Smoothing

The path in Figure 2 is piecewise linear and not followable
for a UAV with kinematic and dynamic constraints. Therefore,
it is necessary to make the path smooth in order to be suitable
to UAVs.
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Fig. 3. Comparison of Path Smoothing Methods : (a) is the piecewise linear
path we want to make smooth. (b) is the path smoothing output of cubic spline
interpolation,(c) is cubic B-spline and (d) is cubic Bézier curve smoothing
method.

Two methods we considered were cubic spline interpolation
and cubic B-spline. First, we used cubic spline interpolation
to generate a smooth path. However this path collides with
obstacles as it can be seen in Figure 3 (b). As our goal
is to reach the target point without collision, visiting all
waypoints is not necessary. Second, we applied approximation
methods instead of interpolation. B-spine is used widely to
make smooth curve. It has the convex hull property which
means the B-spine defined by the givenn+ 1 control points
lies completely in the convex hull of the given control points.
The smooth path of Figure 3 (c) is generated by cubic B-spline
method but this path also collides with obstacles.

We hope to make the path smooth without any collisions
like Figure 3 (d). Rather than smoothing over all waypoints
at once, smoothing can be applied piecewise on consecutive
triplets of waypoints. Dubins path generates a shortest path
between two postures in the plane for a vehicle having limited

Figure 1: (Left) Path planning using RRT algorithm.
(Right) Path pruning algorithm: The path consists of
47 nodes but after removing redundant waypoints, the
number of nodes is reduced to only 3.

target point initially but the number of nodes is reduced
to only 1 after the redundant waypoints are pruned.

3 Path Smoothing

The path in Figure 1 (Right) is piecewise linear and not
suitable for a UAV with kinematic and dynamic con-
straints. Therefore, it is necessary to make the path
smooth. To smoothly connect this piecewise path, the
notion of continuity is needed. Generally continuity is
associated with the smoothness of the joints between ad-
joint curves. The first order parameter continuous (C1)
is achieved if the first derivatives of the segments are
equal at the junctions. To achieve G2 continuity the
tangent and the curvature values must be same at the
joints.

In this section, the C1 Continuous Cubic Bézier
Curve(C1CBC) and G2 Continuous Cubic Bézier Spi-
ral(G2CBS) path smoothing methods are briefly re-
viewed. The detailed algorithms are suggested in [11].

3.1 C1CBC Path Smoothing
Let the degree n Bézier curve with n + 1 control points
(P0, P1, · · · , Pn ) be defined as [14]

P (s) =
n∑

i=0

PiBn,i(s) (1)

where the coefficients Bi,n(s) are named Berstein poly-
nomials and are defined as follows:

Bn,i(s) =
(

n
i

)
si(1− s)n−i (2)

The consecutive segments in a composite Bézier curves
can be made C1 continuous simply by arranging that the
first control vertex prior to endpoint of the first curve,
the shared endpoint, and the second vertex of the next
curve to be collinear and equally spaced [14].

Therefore the first two control points P0, P1 must be
located between W1 and W2 and the last two control
points P2, P3 must be located between W2 and W3 as



5

polygon as shown in Fig. 4 (a). Our concern is to connect two
curves smoothly as can be seen in Fig. 4 (b). AC1 continuous
curve between two curves is obtained if the first derivative of
the two curves at the junction point are the same. If we take
the derivative of equation (3), the following first derivative of
Bézier curves equation is obtained.

Ṗ (s) =
n−1
∑

i=0

n(Pi+1 − Pi)Bn−1,i(s) (5)

From this equation, we can see that consecutive segments in a
composite Bézier curves can be madeC1 continuous simply
by arranging that the first control vertex prior to endpoint of
the first curve, the shared endpoint, and the second vertex
of the next curve to be collinear and equally spaced [38].
Therefore the first two control pointsP0, P1 must be located
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Fig. 5. C1 Continuous Cubic Bézier Curve(C1CBC) Smoothing

betweenW1 andW2 and the last two control pointsP2, P3

must be located betweenW2 andW3 as can be seen in Fig. 5.
The 4 control points can be decided by the following equation:

P0 = W2 + d1 · u1, P1 = W2 +
d1 · u1

2
,

P2 = W2 +
d2 · u2

2
, P3 = W2 + d2 · u2 (6)

whereu1 is a unit vector betweenW1 andW2 andu2 is that
of W3 andW2, andd1 is a length betweenW2 andP0 and
d2 is that ofW2 andP3 .

However, thisC1 continuous curve has a discontinuity of
curvature at the joints. We want to generate a continuous
curvature curve, namely aG2 continuous curve. The curvature
of a planar parametric curve is defined as follows [38]:

κ(s) =
|Ṗ (s)× P̈ (s)|

|Ṗ (s)|3
(7)

Therefore, the path must satisfy the condition of equation (7)
at the junction points instead of equation (5).

IV. G2 CONTINUOUS PATH SMOOTHING

A. G2 Continuity Condition

Generating aG2 continuous curve is not as simple as
making aC1 continuous curve. PlanarG2 transition curves
are generated, composing of cubic Bézier spiral segments
[18]. Spiral segments are defined to have no interior curvature

extrema. Therefore if the value of equation (8) is not zero, it
becomes a cubic Bézier spiral.

κ̇ =
(Ṗ · Ṗ )

(

Ṗ ×
...
P
)

− 3
(

Ṗ × P̈
)(

Ṗ · P̈
)

||Ṗ ||5
(8)

The solution of this equation is very complicated if a pure
parametric approach is used. This is the significant disadvan-
tage of a parametric curve. However, if theP0 is moved to
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Fig. 6. Geometric Interpretation of Cubic Bézier curves : The complexity
of the cure can be reduced if we use geometric property.

(0, 0) and P0, P1, P2 are aligned inx-axis after translation
and rotation and a geometric property of the control polygon
is used, it is possible to reduce the complexity of the curve.

Fig. 6 shows a planar cubic Bézier curve with 8 degrees
of freedom, which may be described in just 4 degrees of
freedom according to the three lengths (g, h, k) and a angle
(θ). If we substitute these four variables into equation (8), three
conditions for generating a spiral curve may be found.

g

h
≥ 0.58,

k

h
≤

6 cos θ
g
h

+ 4
and 0 < θ <

π

2
(9)

If these conditions are applied to connect two straight lines,
the following expression can be obtained which makes aG2

continuous composite curve.

F (β) = cos2(γ − β) sinβ[(7.2364 + 6 cos2 β)Dy

−6Dx cosβ sinβ] + cos2 β sin(γ − β)

[7.2364(Dy cos γ −Dx sinγ) +

6 cos(γ − β)(Dy cosβ −Dx sinβ)]

= 0 (10)

whereD = (Dx, Dy) = E0 − B0 andβ andγ are angles as
can be seen in Fig. 7 (a).

As the only known variable isγ, Dx andDy need to be
determined in order to solve equation (10). If we selectd1

to be the length betweenP2 andB0, and d2 as the length
betweenP2 and E0, the solution of equation (10) can be
obtained by the bisection method. Having obtained the solution
to equation (10), the eight control points can be determined
which construct two cubic Bézier spiral curves. The first curve
consist of following the four control points

B0 = P2 + d1 · u1, B1 = B0 − gb · u1,

B2 = B1 − hb · u1, B3 = B2 + kb · ud (11)

Figure 2: C1 Continuous Cubic Bézier Curve Path
Smoothing.

can be seen in Figure 2. The 4 control points can be
decided by the following equation:

P0 = W2 + d1 · u1, P1 = W2 +
d1 · u1

2
,

P2 = W2 +
d2 · u2

2
, P3 = W2 + d2 · u2 (3)

where u1 is a unit vector between W1 and W2 and u2 is
that of W3 and W2, and d1 is a length between W2 and
P0 and d2 is that of W2 and P3 .

3.2 G2CBS Path Smoothing
However, the C1 continuous curve has a discontinuity of
curvature at the joints. The continuous curvature curve
which satisfies the maximum curvature constraint can be
obtained using the following two spiral curves as can be
seen in Figure 3.

The first curve consist of following the four control
points

B0 = W2 + d · u1, B1 = B0 − gb · u1,

B2 = B1 − hb · u1, B3 = B2 + kb · ud (4)

The second curve consists of the following four control
points

E0 = W2 + d · u2, E1 = E0 − ge · u2,

E2 = E1 − he · u2, E3 = E2 − ke · ud (5)

where

hb = 0.346d, he = hb,

gb = 0.58 · hb, ge = 0.58 · hb,

kb = 1.31 · hb cos β, ke = 1.31 · hb cos β (6)

Here u1 is a unit vector between W2 and W1, u2 is that
of W3 and W2 and ud is a unit vector between B2 and
E2, and d is a length between B0 and W2, and β = γ

2 .
The only design variable to generate a G2 path is d

as can be seen in equation (4)-(6). If d is selected as

6

The second curve consists of the following four control points

E0 = P2 + d2 · u2, E1 = E0 − ge · u2,

E2 = E1 − he · u2, E3 = E2 − ke · ud (12)

where

hb =
4.58Dy cos2(γ − β) sin β

[1.2364 cosβ sin(γ − β) + 6 sin γ] cosβ sin γ
,

he =
hb cos2 β sin(γ − β)

sinβ cos2(γ − β)
,

gb = 0.58 · hb,

ge = 0.58 · he,

kb = 1.31 · hb cosβ,

ke = 1.31 · he cos(γ − β) (13)

andu1 is a unit vector betweenP2 andP1, u2 is that ofP3

andP2 andud is a unit vector betweenB2 andE2.
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Fig. 7. (a) Curvature continuous condition to connecting two lines. (b)
G2CBS path smoothing result between two line segments.

B. Analytical Solution ofG2 Continuity

In order to determine the 8 control points, equation (10)
must be solved. If there are many cusps to smooth, the com-
putational time is increased. Our goal is to find the solution
of equation (10) without using numerical methods. The length
of d1 is assigned to be the same asd2 (d = d1 = d2), which
does not change the maximum curvature of the curve. With
this condition, an analytical solution of equation (10) canbe
obtained.

Theorem 1. If d1 = d2 and β = γ
2 , then there exists

curvature continuous curve which connects two straight lines.

Proof. If one line is aligned to the x-axis and the same
design variabled is applied,Dx andDy can be decided as
follows (see Fig. 7 (a)).

Dx = d+ d cos γ, Dy = d sin γ (14)

By substituting equation (14) into equation (10), the following
equation is obtained.

F (β) = cos2(γ−β) sinβ[(7.2364 + 6 cos2 β)d sin γ−

6(d+ d cos γ) cosβ sinβ] + cos2 β sin(γ−β)

[7.2364(d sinγ cos γ − (d+ d cos γ) sinγ) +

6 cos(γ−β)(d sin γ cosβ−(d+ d cos γ) sinβ)]

(15)

Using a trigonometrical function, equation (15) can be ar-
ranged as follows

F (β) = d cos2(γ−β) sinβ[(7.2364 + 6 cos2 β) sin γ −

6 cos2
γ

2
sin 2β] + d cos2 β sin(γ−β)×

[−7.2364 sinγ + 6 cos(γ−β)(sin(γ−β)− sinβ)]

= 7.2364d sinγ
[

cos2(γ−β) sinβ−cos2 β sin(γ−β)
]

+

6d cos2(γ−β) sinβ
[

cos2 β sin γ−cos2
γ

2
sin 2β

]

+

6d cos2 β sin(γ−β) cos(γ−β) [sin(γ−β)− sinβ]

(16)

If β is chosen as a half ofγ (β = γ
2 ), the spiral condition of

equation (10) is always satisfied. �

If we use these conditions, all 8 control points can be easily
determined. For example, thehb andhe values can be obtained
as follows:

hb=
4.58d sin 2β cos2 β sinβ

[1.2364 cosβ sinβ+6 sin2β] cosβ sin 2β
= 0.346d

he=
hb cos2 β sinβ

sinβ cos2 β
= hb (17)

Therefore, equation (13) can be reduced as follows.

hb = 0.346d, he = hb,

gb = 0.58 · hb, ge = 0.58 · hb,

kb = 1.31 · hb cosβ, ke = 1.31 · hb cosβ (18)

From equation (18), we can see that G2CBS path can be
generated once we determined.

C. Nonholonomic Constraint of G2CBS

In the G2CBS path, the only design variable isd if we
use Theorem 1. Therefore, we can decide thed value which
satisfies the maximum curvature constraint.

Figure 3: G2 Continuous Cubic Bézier Spiral Path
Smoothing.

equation (7) which is suggested in [11], the path gener-
ates a G2 path which satisfies the maximum curvature
constraint.

d =
1.1228 sinβ

κmax · cos2 β
(7)

where κmax is a maximum curvature value.

3.3 Interpolating G2CBS Path Smoothing
In some situations it is needed to interpolate the way-
points. For example, after the UAV arrives at one target
point the mission planner can request to go another tar-
get point. In this case, the UAV must pass the first
target point and then move to the second target point.
Even though it is not required to interpolate between
starting point and target point, the target point must
be passed. To satisfy this requirement, the interpolating
G2CBS path smoothing algorithm is needed.

To find out curvature continuous interpolating path
satisfying the nonholonomic constraint, we need to cal-
culate α in Figure 4. Once α is decided, dk1 which is the
distance between Q and W2 can be obtain using equation
(7). Using α and dk1, the interpolating G2CBS path can
be obtained.

First, dk1 can be obtained using equation (7),

dk1 =
1.1228 sin

(
α
2

)
κmax · cos2

(
α
2

) (8)

From Figure 4, another equation about dk1 can be ob-
tained using the law of sines.

dk1 =
D · sin(α− γ)

sin(π − α)
(9)

where D is the distance between W2 and W3.
From equation (8) and (9), the following equation can

be obtained.

2.2456 sin2
(α

2

)
−D ·κmax ·cos

(α

2

)
·sin(α−γ) = 0 (10)
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D. Interpolating G2CBS Path Smoothing

In some situations it is needed to interpolate the waypoints.
For example, after the UAV arrives at one target point the
mission planner can request to go another target point. In this
case, the UAV must pass the first target point and then move
to the second target point. Even though it is not required
to interpolate between starting point and target point, the
target point must be passed. To satisfy this requirement, the
interpolating G2CBS path smoothing algorithm is needed.
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Fig. 7. Inscribing G2CBS (Left) and Interpolating G2CBS (Right) Path
Smoothing.

To find out curvature continuous interpolating path satisfy-
ing the nonholonomic constraint, it is needed to calculateα at
Fig. 7. Onceα is decided,dk1 which is the distance between
Q andPs can be obtain using Theorem 2. Using theseα and
dk1, interpolating G2CBS path can be obtained.

First, dk1 can be obtained using Theorem 2,

dk1 =
1.1228 sin

(

α
2

)

κmax · cos2
(

α
2

) (23)

From Fig. 7, another equation aboutdk1 can be obtained using
the law of sines.

dk1 =
D · sin(α− γ)

sin(π − α)
(24)

whereD is the distance betweenP2 andP3.
From equation (23) and (24), the following equation can be

obtained.

2.2456 sin2
(α

2

)

−D ·κmax · cos
(α

2

)

· sin(α− γ) = 0 (25)

Here only α is unknown variable. This can be obtained
easily by bisection method. Onceα is obtained,dk1 can be
decided using equation (23) or (24) and finally G2CBS can
be generated using equation (18).

Fig. 7 shows the inscribing and interpolating G2CBS path.
As can be seen, the interpolating G2CBS path more deviates
from the collision-free linear path than inscribing G2CBS path.
Moreover, the length of interpolating G2CBS path25% larger
than inscribing G2CBS path which causes a waste of time and
energy.

Therefore, the interpolating G2CBS path smoothing is ap-
plied when the path interpolates target point and the inscribing
G2CBS path smoothing will be implemented at the rest of
cases.

E. Half Length Algorithm

After G2CBS path smoothing, there exists room to make
the path smoother. To utilize the maximum length for path
smoothing,dκ is defined as a maximum length that can be
used for path smoothing anddκmax is the length satisfying
the maximum curvature constraint. If there aren waypoints
on the path,n − 1 number of lengthL and n − 2 number
of dκ exist. The larger thedκ, the smoother the path. It is,
however, not straightforward to decide thedκ values, since
they are affected by each other. Two strategies are applied to
solve this problem. The first one is a fixed method and the
second one is a flexible method.

First method is to decide thedκ as a half of the smaller
length between two adjoint lines. Full length of the lines
cannot be used because eachL(i) must be used twice for
path smoothing except for the first and last lines. However the
first and the last lines are used just one time, full length can
be used if it is smaller than the half of the adjoint lines.

Fig. 8 shows the Half Length Algorithm (HLA).

IF n == 3
1 dκ = min(L(1), L(2))

ELSEIF n > 3
FOR k=1:n-2

IF k==1

2 dκ(k) = min
(

L(k), L(k+1)
2

)

ELSEIF k==n-2

3 dκ(k) = min
(

L(k)
2 , L(k + 1)

)

ELSE

4 dκ(k) = min
(

L(k)
2 , L(k+1)

2

)

END
END

END

Fig. 8. Half Length Algorithm

However the HLA cannot fully use the margin of the length
as can be seen in Fig. 9 (a). The thick line represents thedκ
and thin line represent the margin of each line. Thedκ(1)
anddκ(2) could have larger value since there is a remaining
marginL(1), L(2), L(3) but the HLA fails to use the margin.

F. Interactive Algorithm

Since the HLA can not utilize the extra length systemati-
cally, a new method is needed to use these extra margins of
the lengths to make the path smoother. To solve this problem,
a feasibility condition of path is defined in equation (26).

Lr(i) ≤ L(i) (26)

where

Lr(1) = dκmax(1)

Lr(i) = dκmax(i− 1) + dκmax(i)

Lr(n− 1) = dκmax(n− 2) (27)

If we defineLd as a difference between the required length
Lr and the real lengthL, the length of each piecewise linear

Figure 4: Inscribing G2CBS (Left) and Interpolating
G2CBS (Right) Path Smoothing.

Here only α is the unknown variable. This can be ob-
tained easily by the bisection method. Once α is ob-
tained, dk1 can be decided using equation (8) or (9) and
finally G2CBS can be generated using equation (6).

Figure 4 shows the inscribing and interpolating
G2CBS path. As can be seen, the interpolating G2CBS
path deviates more from the collision-free linear path
than the inscribing G2CBS path. Moreover, the length
of interpolating G2CBS path is 25% larger than the in-
scribing G2CBS path which causes a waste of time and
energy.

Therefore, the interpolating G2CBS path smoothing is
applied when the path interpolates target point and the
inscribing G2CBS path smoothing will be implemented
for the rest of cases.

4 Interactive Smoothing Algorithm

After G2CBS path smoothing, there exists room to make
the path smoother. To utilize the maximum length for
path smoothing, dκ is defined as a maximum length that
can be used for path smoothing and dκmax

is the length
satisfying the maximum curvature constraint. If there
are n waypoints on the path, n − 1 number of length L
and n − 2 number of dκ exist. The larger the dκ, the
smoother the path. It is, however, not straightforward
to decide the dκ values, since they are affected by each
other. Two strategies are applied to solve this problem.
The first one is a fixed method and the second one is a
flexible method.

4.1 Half Length Algorithm
The Half Length Algorithm (HLA) is to decide the dκ as
half of the smaller length between two adjoint lines. Full
length of the lines cannot be used because each L(i) must
be used twice for path smoothing except for the first and
last lines. However the first and the last lines are used
just one time, full length can be used if it is smaller than
the half of the adjoint lines. Figure 5 presents the HLA.
However the HLA cannot fully use the margin of the
length as can be seen in Figure 6 (a). The thick line
represents the dκ and thin line represents the margin of

IF n == 3
1 dκ = min(L(1), L(2))

ELSEIF n > 3
FOR k=1:n-2

IF k==1

2 dκ(k) = min
(
L(k), L(k+1)

2

)
ELSEIF k==n-2

3 dκ(k) = min
(

L(k)
2 , L(k + 1)

)
ELSE

4 dκ(k) = min
(

L(k)
2 , L(k+1)

2

)
END

END
END

Figure 5: Half Length Algorithm
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IF n == 3
1 dκ = min(L(1), L(2))

ELSEIF n > 3
FOR k=1:n-2

IF k==1

2 dκ(k) = min
(

L(k), L(k+1)
2

)

ELSEIF k==n-2

3 dκ(k) = min
(

L(k)
2 , L(k + 1)

)

ELSE

4 dκ(k) = min
(

L(k)
2 , L(k+1)

2

)

END
END

END

Fig. 9. Half Length Algorithm

and black line represent the margin of each line. Thedκ(1)
anddκ(2) could have larger value since there is a remaining
marginL1, L2, L3 but the HLA fails to use the margin.

F. Interactive Algorithm

Since the HLA can not utilize the extra length systemati-
cally, a new method is needed to use these extra margins of
the lengths to make the path smoother. To solve this problem,
a feasibility condition of path is defined in equation (26).

Lr(i) ≤ L(i) (26)

where

Lr(1) = dκmax(1)

Lr(i) = dκmax(i− 1) + dκmax(i)

Lr(n− 1) = dκmax(n− 2) (27)

If we defineLd as a difference between the required length
Lr and the real lengthL, the length of each piecewise linear
pathL is expressed as following.

L(1) = dκmax(1) + Ld(1)

L(i) = dκmax(i− 1) + dκmax(i) + Ld(i)

L(n) = dκmax(n− 1) + Ld(n) (28)

To satisfy the feasibility condition of equation (26),Ld
must be larger than 0. HereLd is the margin which can be
used to make the path smoother. Thereforedκmax(1) can be
extended with the amount ofLd(1) and dκmax(n − 1) can
be extended with the amount ofLd(n). However, this is not
always possible since alldκmax are affected by each other. For
example, even thoughdκmax(1) can be extended toLd(1) it
can violate the constraint of second line feasibility condition.
If dκmax(1) is larger thanL2−dκmax(2)−Ld(2), it violates the
feasibility condition of the second line. Therefore,dκmax(1)
has to consider the value ofdκmax(2). What makes complicate
the problem is that thedκmax(2) is also related todκmax(3).

This problem can be solved if three consecutivedκmax are
considered simultaneously when decidingdκ except for the
first and lastdκ. This algorithm decidesdκ from end point to
starting point.

P1

dk(1)

P5

P6

P7

P3

P2

P4

L(1) L(2)

L(3) L(4)

L(5) L(6)

dk(2)
dk(3) dk(4)

dk(5)

(a)

P1

P5

P6

P7

P3

P2

P4

dk(1)

L(1) L(2)

L(3) L(4)

L(5) L(6)

dk(2)
dk(3) dk(4)

dk(5)

(b)

Fig. 10. (a) Half Length Algorithm. (b) Interactive Algorithm.

Firstly, the dκ(k − 1) will be decided. To do this, the
minimum value, defined by MIN, among the following 4
values are calculated:L(n − 1) ,

(

dκmax(n− 2) + Ld(b−2)
2

)

,
(

dκmax(n− 3) + Ld(n−2)
2

)

and
(

dκmax(n− 3) + Ld(n−3)
2

)

.

If L(n − 1) or
(

dκmax(n− 2) + Ld(n−2)
2

)

are the MIN, the

dκ(n − 2) will be decided as this value. If the minimum
value exists among the latter two values, then thedκ(n − 2)
value is decided among the small value between min((L(n−
1)), (L(n− 2)−MIN)).

Next, the dκ(n − 3) will be decided. The difference of
this step and the first step is thatL(k) is replaced by
L(k) − dκmax(k). Since thedκ(k − 1) is already decided at
the previous step, this value must be reflected. This algorithm
is repeated untildκ(2) is decided.

The final step is to decide thedκ(1). Since alldκ values are
already decided except for thedκ(1), only L(1) andL(2) −
dκmax(2) values are compared. Among them, the smaller value
is decided as adκ(1).

The result of this algorithm is described at Fig. 10 (b).
In Half length algorithm, onlyL(4) can be utilized without
remaining any margins. However, in Interactive algorithm,all
length margin can be utilized exceptL(1) andL(5) andL(1)
value is also much utilized than Half length algorithm.

If there are only 3 waypoints including starting and ending
point, there is only one cusp. In this case, thedκ is the smaller
value betweenL(1) andL(2). If the number of waypoints are
larger than 3, Interactive algorithm is applied to solve this
problem. This algorithm is shown at Fig. 11.

G. Bisection Algorithm

If Ld is smaller than 0 in equation (28), it means that
the maximum curvature constraint is no longer satisfied.
Therefore,dκmax(i) is larger thanL(i)−dκmax(i−1)−Ld(i)

Figure 6: (a) Half Length Algorithm. (b) Interactive
Algorithm.

each line. The dκ(1) and dκ(2) could have larger values
since there is a remaining margin L(1), L(2), L(3) but
the HLA fails to use the margin.

4.2 Interactive Algorithm

Since the HLA can not utilize the extra length systemat-
ically, a new method is needed to use these extra margins
of the lengths to make the path smoother. To solve this
problem, a feasibility condition of the path is defined in
equation (11)

Lr(i) ≤ L(i) (11)



where

Lr(1) = dκmax
(1)

Lr(i) = dκmax
(i− 1) + dκmax

(i)
Lr(n− 1) = dκmax

(n− 2) (12)

If we define Ld as a difference between the required
length Lr and the real length L, the length of each piece-
wise linear path L is expressed as following.

L(1) = dκmax
(1) + Ld(1)

L(i) = dκmax
(i− 1) + dκmax

(i) + Ld(i)
L(n) = dκmax

(n− 1) + Ld(n) (13)

To satisfy the feasibility condition of equation (11), Ld

must be larger than 0. Here Ld is the margin which can
be used to make the path smoother. Therefore dκmax

(1)
can be extended with the amount of Ld(1) and dκmax(n−
1) can be extended with the amount of Ld(n). However,
this is not always possible since all dκmax

are affected
by each other. For example, even though dκmax

(1) can
be extended to Ld(1) it can violate the constraint of
second line feasibility condition. If dκmax(1) is larger
than L2 − dκmax(2) − Ld(2), it violates the feasibility
condition of the second line. Therefore, dκmax

(1) has to
consider the value of dκmax

(2). What complicates the
problem is that the dκmax

(2) is also related to dκmax
(3).

This problem can be solved if three consecutive dκmax

are considered simultaneously when deciding dκ except
for the first and last dκ. This algorithm decides dκ from
end point to starting point.

Firstly, the dκ(k − 1) will be decided. To
do this, the minimum value, defined by MIN,
among the following 4 values are calculated: L(n −
1) ,
(
dκmax(n− 2) + Ld(b−2)

2

)
,
(
dκmax

(n− 3) + Ld(n−2)
2

)
and

(
dκmax(n− 3) + Ld(n−3)

2

)
. If L(n − 1) or(

dκmax(n− 2) + Ld(n−2)
2

)
are the MIN, the dκ(n−2) will

be decided as this value. If the minimum value exists
among the latter two values, then the dκ(n − 2) value
is decided among the small value between min((L(n −
1)), (L(n− 2)−MIN)).

Next, the dκ(n− 3) will be decided. The difference of
this step and the first step is that L(k) is replaced by
L(k)− dκmax

(k). Since the dκ(k − 1) is already decided
at the previous step, this value must be reflected. This
algorithm is repeated until dκ(2) is decided.

The final step is to determine the dκ(1). Since all dκ

values are already decided except for dκ(1), only L(1)
and L(2)−dκmax

(2) values are compared. Among them,
the smaller value is decided as dκ(1).

The result of this algorithm is described at Figure 6
(b). In the HLA, only L(4) can be fully utilized. How-
ever, in the Interactive Algorithm, all length margins can
be utilized except L(1) and L(5).

If there are only 3 waypoints including starting and
ending point, there is only one cusp. In this case, the
dκ is the smaller value between L(1) and L(2). If the
number of waypoints are larger than 3, the Interactive
Algorithm is applied to solve this problem. This algo-
rithm is shown in Figure 7.

IF n == 3
1 dκ = min(L(1), L(2))

ELSEIF n > 3
2 Interactive Algorithm

END

Figure 7: Interactive Smoothing Algorithm

4.3 Enhancement of Interactive Algorithm
In the Interactive Algorithm, the margin of the length
(Ld = L − Lr) is used evenly. However, it is better to
use more length if one angle is sharper than the other to
make the path smoother. Therefore, instead of using the
half value of the margin, we want to use Ld proportional
to the required rate. To do this, the relationship between
adjoint dκ must be calculated.

The ratio between dk(n) and dk(n−1) can be described
as follows:

η(k) =
dκmax

(k−1)
dκmax(k)

=
cos2 β(k) sinβ(k−1)
cos2 β(k−1) sinβ(k)

(14)

In this algorithm the dκ(k) and dκ(k − 1) will take the
margin in proportional to the ratio η(k) such as equation
(15).

dκd(k) =
Ld(k)

1 + η(k)
, dκd(k − 1) =

η(k) · Ld(k)
1 + η(k)

(15)

where dκd(k) is the margin length which dκ(k) can use.
If Ld(k−1)

2 is replaced by dκd(k − 1) and Ld(k−2)
2 by

dκd(k − 2) in Figure 19, the curvature of the path will
be more evenly distributed.

5 Bisection Algorithm

If Ld is smaller than zero in equation (13), it means that
the maximum curvature constraint is no longer satisfied.
Therefore, dκmax(i) is larger than L(i) − dκmax(i − 1) −
Ld(i) which violates the feasibility condition. To fix this
problem, two curves are used for path smoothing which
are defined by the Bisection Algorithm. Since the angle
between two points is larger if we divide it in two, the re-
quired length to satisfy the maximum curvature will be
reduced. Figure 8 (Left) shows the original G2CBS algo-
rithm. We bisect the length between B1 and B2 since we
use the same length variable dκ. This makes the angle α
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FOR k=n-1:2
IF k==2

1 temp=[L(k − 1), (L(k)− dκmax(k))];
2 MIN=min(temp);
3 dκ(k − 1) = MIN;

ELSEIF k==n-1

4 temp=
[

L(k),
(

dκmax(k − 1) + Ld(k−1)
2

)

,
(

dκmax(k − 2) + Ld(k−1)
2

)

,
(

dκmax(k − 2) + Ld(k−2)
2

)]

;

5 MIN=min(temp);

6 IF MIN == L(k) or
(

dκmax(k − 1) + Ld(k−1)
2

)

7 dκ(k − 1) = MIN;

8 ELSEIF MIN ==
(

dκmax(k − 2) + Ld(k−1)
2

)

or
(

dκmax(k − 2) + Ld(k−2)
2

)

9 dκ(k − 1) = min((L(k)), (L(k − 1)−MIN));
10 END

ELSE

11 temp=
[

(L(k)− dκmax(k)),
(

dκmax(k − 1) + Ld(k−1)
2

)

,
(

dκmax(k − 2) + Ld(k−1)
2

)

,
(

dκmax(k − 2) + Ld(k−2)
2

)]

;

12 MIN=min(temp);

13 IF MIN == (L(k)− dκmax(k)) or
(

dκmax(k − 1) + Ld(k−1)
2

)

14 dκ(k − 1) = MIN;

15 ELSEIF MIN ==
(

dκmax(k − 2) + Ld(k−1)
2

)

or
(

dκmax(k − 2) + Ld(k−2)
2

)

16 dκ(k − 1) = min((L(k)− dκmax(k)), (L(k − 1)−MIN));
17 END

END

END

Fig. 12. Interactive Algorithm

IF n == 3
1 dκ = min(L(1), L(2))

ELSEIF n > 3
2 Interactive Algorithm

END

Fig. 11. Interactive Smoothing Algorithm

which violates the feasibility condition. To fix this problem,
two curves are used for path smoothing which defined by
Bisection algorithm. Since the angle between two points is
larger if we divide it to two, the required length to satisfy
maximum curvature will be reduced.

k

k

(a)

bb

b

b

b

(b)

Fig. 13. (a) Original Algorithm. (b) Bisection Algorithm

Fig. 13 (a) shows the original G2CBS algorithm. We bisect

the length between B1 and B2 since we use the same length
variabledκ. This makes the angleα a half of β as can be
seen at Fig. 13 (b). Therefore, the angleα, β andγ has the
following relation.

α =
β

2
=
γ

4
(29)

The first step is to find thedb which satisfies the maximum
curvature constraint using Theorem 2.

db =
1.1228 sinα

κmax · cos2 α
(30)

Oncedb is decided,Lb can be decided using the following
equation.

Lb =
db

cosβ
(31)

Therefore, if we apply Bisection algorithm, the required length
for satisfying maximum curvature constraint can be obtained
as follows:

dbisect = db + Lb (32)

Theorem 3. The Bisection algorithm reduces the required
length satisfying maximum curvature constraint as a rate of
(cosβ/ cos β2 ).

Figure 8: (Left) Original Algorithm. (Right) Bisection
Algorithm

a half of β as can be seen at Figure 8 (Right). Therefore,
the angle α, β and γ has the following relation.

α =
β

2
=

γ

4
(16)

The first step is to find the db which satisfies the maxi-
mum curvature constraint using equation (7).

db =
1.1228 sinα

κmax · cos2 α
(17)

Once db is decided, Lb can be decided using the following
equation.

Lb =
db

cos β
(18)

Therefore, if we apply the Bisection Algorithm, the re-
quired length for satisfying maximum curvature con-
straint can be obtained as follows:

dbisect = db + Lb (19)

The Bisection Algorithm reduces the required length
satisfying maximum curvature constraint as a rate of
(cos β/ cos β

2 ). The required length of the original algo-
rithm can be obtained as follows:

dκ =
1.1228 sinβ

κmax · cos2 β
(20)

The required length of the Bisection Algorithm can be
obtained as follows:

dbisect =
(

1 +
1

cos β

)(
1.1228 sin β

2

κmax · cos2 β
2

)
(21)

Therefore, the reducing rate can be obtained as follows:

η =
dbisect

dκ
=

(
1 + 1

cos β

)(
1.1228 sin β

2

κmax·cos2 β
2

)
1.1228 sin β
κmax·cos2 β

=
(

1 + cos β

cos β

)(
cos2 β sin β

2

cos2 β
2 sinβ

)
=

cos β

cos β
2

(22)

Since 0 < β < π
2 , equation (22) is always smaller than

1. It means that by using the Bisection algorithm, the
required length can be reduced by the rate of η. For
example, if β = π

3 , then the η = 0.58. Therefore, the
length can be reduced by 42%.
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Proof. The required length of the original algorithm can be
obtained as follows:

dκ =
1.1228 sinβ

κmax · cos2 β
(33)

The required length of the Bisection algorithm can be obtained
as follows:

dbisect =

(

1 +
1

cosβ

)

(

1.1228 sin β
2

κmax · cos2 β
2

)

(34)

Therefore, the reducing rate can be obtained as follows:

η =
dbisect
dκ

=

(

1 + 1
cosβ

)(

1.1228 sin β
2

κmax·cos2
β
2

)

1.1228 sin β
κmax·cos2 β

=

(

1 + cosβ

cosβ

)

(

cos2 β sin β
2

cos2 β
2 sinβ

)

=
cosβ

cos β2
� (35)

Since0 < β < π
2 , the equation (35) is always smaller than 1.

It means that by using the Bisection algorithm, the required
length can be reduced by the rate ofη. For example, ifβ = π

3 ,
then theη = 0.58. Therefore, the length can be reduced by
42%.

H. 3D G2CBS Path Smoothing

There are two approaches to solve 3D G2CBS path smooth-
ing. The first method is to directly solve the problem in 3D
space. This is a quite complex problem and it is not easy
to find the analytical solution. The second method is to map
3D waypoints to 2D, apply the 2D G2CBS path smoothing
method and then map these values back again into 3D. Since
the path smoothing algorithm is applied on consecutive triplets
of waypoints, these 3 waypoints form a plane. Therefore, this
plane can be mapped from the 3D space plane (in global
frame) on to a 2D plane using a homogenous coordinate
transformation.

Global Coordinate

X Y

Z

P1
P2

P3

Local Coordinate

ux

uyuz

Fig. 14. Coordinate Transformation : Using coordinate transformation, the
3D space can be mapped to 2D plane

The 3D G2CBS path smoothing algorithm can be described
in the following steps.

The first step is to find 3 unit vectors (ux, uy, uz) in the
P1P2P3 plane. Theux can be obtained by calculating the unit
vector betweenP1 andP2.

ux =
P2 − P1

||P2 − P1||
(36)

Since theuz is perpendicular to theP1P2P3 plane, it can be
obtained by the cross product of two vectors in this plane.

uz = ux × u
′

y (37)

whereu
′

y is the unit vector betweenP2 andP3.

u
′

y =
P3 − P2

||P3 − P2||
(38)

The uy can be obtained from the cross product betweenux
anduz.

uy = uz × ux (39)

Finally the transformation matrix can be obtained, which
maps the local (2D) frame to global (3D) frame by translating
theP1 to (0,0,0) point of global frame.

TM =









ux(x) uy(x) uz(x) P1(x)
ux(y) uy(y) uz(y) P1(y)
ux(z) uy(z) uz(z) P1(z)

0 0 0 1









(40)

This matrix transforms a coordinate in the local frame to the
global frame.

P3D = TM · P2D (41)

Since thez value is zero in the local plane, it is expressed by
P2D. Therefore the 3D waypoints can be mapped to the 2D
plane using the following equation.

P2D = TM−1 · P3D (42)

The second step is to apply a 2D G2CBS path smoothing
algorithm to the 3 waypoints obtained by the equation (42).
The final step is to map these value to the original global 3D
space using the equation (41).

I. G2CBS Path Smoothing Process

Fig 15 shows the flowchart of G2CBS path smoothing
algorithm which consist of three stages.

1) Stage I -2D Mapping:The algorithm begins on receiving
a set of waypoints from the path pruning module. Since
G2CBS path smoothing algorithm is operated in 2D plane,
3D space waypoints must be mapped to 2D plane. This is
done by applying equation (42).

2) Stage II -dκ Decision: As can be seen from equation
(18), G2CBS path can be obtained ifdκ values are decided.
The role of this stage is to decide the maximum lengthdκ
at each cusp. Thess values are decided using the Interactive
Algorithm which is described at Fig. 11 and Fig. 12.

After this, the minimum radius of curvature constraint is
checked. Ifdκ is smaller thandκmax , the Bisection Algorithm
is applied to satisfy the nonholonomic constraint. When Bi-
section Algorithm is applied,dbisect is set todκ to fully utilize
the maximum length. Ifdκ is larger thandκmax , thendκmax
is used to generate G2CBS path which can be obtained using
equation (3). Finally, this G2CBS path is mapped to 3D space
applying equation (42) for collision check.

Figure 9: Coordinate Transformation : Using coordinate
transformation, the 3D space can be mapped to 2D plane

6 3D G2CBS Path Smoothing

There are two approaches to solve 3D G2CBS path
smoothing. The first method is to directly solve the
problem in 3D space. This is a quite complex problem
and it is not easy to find the analytical solution. The
second method is to map 3D waypoints to 2D, apply the
2D G2CBS path smoothing method and then map these
values back again into 3D. Since the path smoothing al-
gorithm is applied on consecutive triplets of waypoints,
these 3 waypoints form a plane. Therefore, this plane can
be mapped from the 3D space plane (in global frame) on
to a 2D plane using a homogenous coordinate transfor-
mation. The 3D G2CBS path smoothing algorithm can
be described in the following steps.

The first step is to find 3 unit vectors (ux, uy, uz) in
the P1P2P3 plane. The ux can be obtained by calculating
the unit vector between P1 and P2.

ux =
P2 − P1

||P2 − P1||
(23)

Since the uz is perpendicular to the P1P2P3 plane, it can
be obtained by the cross product of two vectors in this
plane.

uz = ux × u
′

y (24)

where u
′

y is the unit vector between P2 and P3.

u
′

y =
P3 − P2

||P3 − P2||
(25)

The uy can be obtained from the cross product between
ux and uz.

uy = uz × ux (26)

Finally the transformation matrix can be obtained,
which maps the local (2D) frame to global (3D) frame
by translating the P1 to (0,0,0) point of global frame.

TM =


ux(x) uy(x) uz(x) P1(x)
ux(y) uy(y) uz(y) P1(y)
ux(z) uy(z) uz(z) P1(z)

0 0 0 1

 (27)
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Fig. 15. Flowchart of G2CBS Path Smoothing Algorithm

3) Stage III - Collision Check:In Stage III, collision check
is conducted. If there is no collision, the design variabled will
be increased fromdκmax to maximum lengthdκ until collision
is detected. This process makes the path smoother and the
maximum curvature of the path can be reduced. However, if
there is a collision,dκ must be reduced to avoid the collision.
Here INC is the predefined value. If there is no collision, the
G2CBS path smoothing algorithm generate the final 3D space
collision-free smooth path.

V. TRAJECTORYGENERATION

The G2CBS path smoothing algorithm generates a smooth
path considering maximum curvature constraint. However the
maximum curvature constraint can be violated since the en-
vironment is filled with obstacles which explained at Stage 3
in Fig 15. If there is a violation of the maximum curvature
constraint, the helicopter can not follow this path exactlyand
the tracking error will be increased. Therefore to make the path

dynamically feasible, the desired velocity must be generated
considering the radius of curvature.

Since the maximum roll angle is restricted for safety reason,
the maximum velocity of helicopter is also confined. For
coordinated turn centripetal force must be compensated by
roll motion. A ‘coordinated turn’ is one in which the resultant
of gravity and centrifugal force lies in the aircraft plane of
symmetry [39]. The kinematics of the coordinated turn is as
following:

tanφ =
V 2

g ·R
(43)

whereV is the velocity of helicopter in global frame.
Since the maximum roll angle is specified asφmax, the

allowable velocity can be obtained as following:

V =
√

g ·R · tan(φmax) (44)

In addition to this constraint, the helicopter has the desired
velocity defined byumax.

Therefore there are two velocity constraints which the
helicopter satisfies.

u1 = V · nx

u2 = umax (45)

where

nx =
Tx
|T |

which is the projection of the unit vector of the tangent vector
on helicopterx direction body axis.

Finally the reference velocity will be selected between the
minimum value among the these 2 velocities.

uref = min(u1, u2) (46)

VI. H ELICOPTERCONTROL

A. Helicopter Model

In [40], Mettler et al suggested the small-size unmanned
helicopter dynamics with first-order differential equations.
This linear model captures the nonlinear helicopter dynamics
very exactly at operating point and this model applied to the
real system successfully [41], [42]. For weed detection and
crop dusting the helicopter needs not to fly fast. So the hover
model is appropriate for our application which is valid up to
6m/s [43].

A state space of helicopter is given by the differential
equation.

ẋ = Ax + Bu (47)

where

x = [u, v, p, q, φ, θ, a, b, w, r, rfb]
T

u = [ulon, ulat, ucol, utr]

Figure 10: Flowchart of G2CBS Path Smoothing Algo-
rithm

This matrix transforms a coordinate in the local frame
to the global frame.

P3D = TM · P2D (28)

Since the z value is zero in the local plane, it is expressed
by P2D. Therefore the 3D waypoints can be mapped to
the 2D plane using the following equation.

P2D = TM−1 · P3D (29)

The second step is to apply a 2D G2CBS path smoothing
algorithm to the 3 waypoints obtained by the equation
(29). The final step is to map these values to the original
global 3D space using equation (28).

7 G2CBS Path Smoothing Process

Figure 10 shows the flowchart of G2CBS path smoothing
algorithm which consist of three stages.

7.1 Stage I - 2D Mapping
The algorithm begins by receiving a set of waypoints
from the path pruning module. Since G2CBS path
smoothing algorithm is operated in 2D plane, 3D space
waypoints must be mapped to 2D plane. This is done
by applying equation (29).

7.2 Stage II - dκ Decision
As can be seen from equation (6), G2CBS path can be
obtained if dκ values are decided. The role of this stage
is to decide the maximum length dκ at each cusp. These
values are decided using the Interactive Algorithm which
is described in Figures 7 and 19.

After this, the minimum radius of curvature constraint
is checked. If dκ is smaller than dκmax , the Bisection
Algorithm is applied to satisfy the nonholonomic con-
straint. When the Bisection Algorithm is applied, dbisect

is set to dκ to fully utilize the maximum length. If dκ is
larger than dκmax

, then dκmax
is used to generate G2CBS

path which can be obtained using equation (1). Finally,
this G2CBS path is mapped to 3D space applying equa-
tion (29) for collision checks.

7.3 Stage III - Collision Check
In Stage III, a collision check is conducted. If there is
no collision, the design variable d will be increased from
dκmax

to maximum length dκ until collision is detected.
This process makes the path smoother and the maximum
curvature of the path can be reduced. However, if there
is a collision, dκ must be reduced to avoid the collision.
Here INC is the predefined value. If there is no collision,
the G2CBS path smoothing algorithm generates the final
3D space collision-free smooth path.

8 Simulation Results

8.1 Interactive Algorithm
In this Simulation, the performance of the HLA and the
Interactive algorithm are compared. The HLA is applied
to the C1CBC path and the Interactive Algorithm is ap-
plied to the G2CBS path. It is not possible to apply the
Interactive Algorithm to the C1CBC path since the dκ

can not be obtained in C1CBC path. The result can be
seen in Figure 11-14. Figure 11 shows the path pruning
result and Figure 12 shows the path smoothing result.
There is seemingly little differences between two paths
but the curvatures and headings have a large difference.
The curvatures of the C1CBS path are discontinuous at
the junction points while the curvatures of the G2CBS
path are continuous throughout the path.



The zero curvature implies the margin of the length
in Figure 13. The HLA only utilizes the full length of
L(2) but Interactive algorithm utilizes the full length of
L(2) and L(3). Figure 14 shows the heading change of
the C1CBC and G2CBS path smoothing. The heading
change of the C1CBC path is very sharp at every junc-
tion but its change of the G2CBS path is very smooth.
The UAV can not change the heading instantaneously as
the heading change of C1CBC path is very sharp. This
increases the tracking error because it can not follow this
path exactly.

8.2 Bisection Algorithm

Figure 15-18 show the simulation result of the HLA and
the Bisection algorithm. The maximum curvature is set
as 0.02. The C1CBC path uses the HLA, and the G2CBS
path uses both Interactive Algorithm and the Bisection
Algorithm. The C1CBC path violates the maximum cur-
vature constraints but the G2CBS path satisfies this con-
straint. In addition, the combined Interactive and Bisec-
tion algorithm utilizes more margin of the lengths which
makes the G2CBS path smoother than the C1CBC path.
The heading change of the C1CBC path is also very
sharp at every junction comparing to its change of the
G2CBS path.

9 Conclusions

A collision-free path among obstacles is generated using
a RRT algorithm. Since this path consists of piecewise
linear segments, a smoothing process is needed in order
to be suitable for UAVs which have kinematic and dy-
namic constraints. A continuous curvature path smooth-
ing algorithm has been developed considering nonholo-
nomic constraints. Since there exists extra room of the
length after the path smoothing, this margin can be used
to make the path smoother. The suggested Interactive
Algorithm can utilize this margin systematically. Fi-
nally, the Bisection Algorithm is proposed to alleviate
the maximum curvature constraint if there is a violation
of this constraint. Simulation Results show the superior-
ity of the combined Interactive Algorithm and Bisection
Algorithm..
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The required length of the Bisection algorithm can be obtained
as follows:
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Since 0< β < π
2 , the equation (23) is always smaller than 1. It

means that by using the Bisection algorithm, the required length
can be reduced by the rate ofη. For example, ifβ = π

3, then the
η = 0.58. Therefore, the length can be reduced by 42%.

5 Simulation Results
5.1 Path planning navigating 3 waypoints

We first compared the three path smoothing methods con-
necting three waypoints. Fig. 5 (a) shows the path smoothing
results of using the DC, C1CBS and G2CBS algorithms. There
is seemingly little differences among the three paths but the cur-
vature of these paths are very different as can be seen in Fig.5
(b). The curvature of DC and C1CBS are discontinuous at the
junction points while the curvature of G2CBS is continuous over
the whole path.

0 50 100 150 200 250 300
−10

0

10

20

30

40

50 DC

C1CBC
G2CBS

W1

W2

W3

(a)

0 50 100 150 200 250 300
−6
−4
−2

0
2

x 10
−3 Curvature of the G2CBS

0 50 100 150 200 250 300
−15

−10

−5

0

x 10
−3 Curvature of the C1CBC

0 50 100 150 200 250 300
−6
−4
−2

0
2

x 10
−3 Curvature of the DC

(b)

Figure 5. Comparison of Path Smoothing Methods : (a) shows the path

smoothing output of DC, C1CBC and G2CBS and (b) is the curvature of

these three paths.

5.2 Interactive Algorithm
In this Simulation, the performance of Half length algorithm

and Interactive algorithm are compared. C1CBC uses the Half
length algorithm and G2CBS uses Interactive algorithm. There-
sult can be seen from Fig. 6. Fig. 6 (a) shows that there are four
Ls at this simulation. Fig. 6 (b) shows the path smoothing result.
There is seemingly little differences between two paths butthe
curvatures and headings are very different. The zero curvature
implies the margin of the length at Fig. 6 (c). Half length algo-
rithm only utilizes the full length ofL2 but Interactive algorithm
utilizes the full length ofL2 andL3. In addition, Interactive al-
gorithm also utilizes more length ofL1 andL4. This makes the
G2CBS path smoother than C1CBC.

Fig. 6 (d) shows the heading change of C1CBC and G2CBS
path smoothing. The heading change of C1CBC is very sharp
at every junction but its change of G2CBS is very smooth. The
helicopter can not change the heading instanteously as the head-
ing change of C1CBC is very sharp. This causes a tracking error
because it can not follow this path exactly.

0

50

100

150

200

250

300

0
50

100
150

200
250

300
0

10
20

East(m)
North(m)

A
lti

tu
de

(m
)

(a) Path Reducing

0

50

100

150

200

250

300

0

100

200

300
0

10
20

 

East(m)
North(m)

 

A
lti

tu
de

(m
)

C1CBC Path Smoothing
G2CBS Path Smoothing

(b) Path Smoothing

0 50 100 150 200 250 300 350 400
−0.04

−0.02

0

0.02
Curvature of the C1CBC

0 50 100 150 200 250 300 350 400
−0.02

−0.01

0

0.01
Curvature of the G2CBS

(c) Curvature

0 50 100 150 200 250 300 350 400
20

40

60

80
Heading of the C1CBC

0 50 100 150 200 250 300 350 400
20

40

60

80
Heading of the G2CBS

(d) Heading

Figure 6. Simulation results of the Half length algorithm and the Interac-

tive algorithm.

5.3 Bisection Algorithm
Fig. 7 shows the simulation result of the Half length algo-

rithm and the Bisection algorithm. The maximum curvature isset
as 0.02. C1CBC uses the Half length algorithm and G2CBS uses
both Interactive algorithm and the Bisection algorithm. Even
though C1CBC path viloates the maximum curvature constraints,
the G2CBS satisfies this constraint. The heading change of
C1CBC is very sharp at every junction but its change of G2CBS
is smooth.
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Figure 11: Path Pruning
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The required length of the Bisection algorithm can be obtained
as follows:
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Since 0< β < π
2 , the equation (23) is always smaller than 1. It

means that by using the Bisection algorithm, the required length
can be reduced by the rate ofη. For example, ifβ = π

3, then the
η = 0.58. Therefore, the length can be reduced by 42%.

5 Simulation Results
5.1 Path planning navigating 3 waypoints

We first compared the three path smoothing methods con-
necting three waypoints. Fig. 5 (a) shows the path smoothing
results of using the DC, C1CBS and G2CBS algorithms. There
is seemingly little differences among the three paths but the cur-
vature of these paths are very different as can be seen in Fig.5
(b). The curvature of DC and C1CBS are discontinuous at the
junction points while the curvature of G2CBS is continuous over
the whole path.
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Figure 5. Comparison of Path Smoothing Methods : (a) shows the path

smoothing output of DC, C1CBC and G2CBS and (b) is the curvature of

these three paths.

5.2 Interactive Algorithm
In this Simulation, the performance of Half length algorithm

and Interactive algorithm are compared. C1CBC uses the Half
length algorithm and G2CBS uses Interactive algorithm. There-
sult can be seen from Fig. 6. Fig. 6 (a) shows that there are four
Ls at this simulation. Fig. 6 (b) shows the path smoothing result.
There is seemingly little differences between two paths butthe
curvatures and headings are very different. The zero curvature
implies the margin of the length at Fig. 6 (c). Half length algo-
rithm only utilizes the full length ofL2 but Interactive algorithm
utilizes the full length ofL2 andL3. In addition, Interactive al-
gorithm also utilizes more length ofL1 andL4. This makes the
G2CBS path smoother than C1CBC.

Fig. 6 (d) shows the heading change of C1CBC and G2CBS
path smoothing. The heading change of C1CBC is very sharp
at every junction but its change of G2CBS is very smooth. The
helicopter can not change the heading instanteously as the head-
ing change of C1CBC is very sharp. This causes a tracking error
because it can not follow this path exactly.
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Figure 6. Simulation results of the Half length algorithm and the Interac-

tive algorithm.

5.3 Bisection Algorithm
Fig. 7 shows the simulation result of the Half length algo-

rithm and the Bisection algorithm. The maximum curvature isset
as 0.02. C1CBC uses the Half length algorithm and G2CBS uses
both Interactive algorithm and the Bisection algorithm. Even
though C1CBC path viloates the maximum curvature constraints,
the G2CBS satisfies this constraint. The heading change of
C1CBC is very sharp at every junction but its change of G2CBS
is smooth.

7 Copyright c© 2008 by ASME

Figure 12: Path Smoothing
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The required length of the Bisection algorithm can be obtained
as follows:
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Since 0< β < π
2 , the equation (23) is always smaller than 1. It

means that by using the Bisection algorithm, the required length
can be reduced by the rate ofη. For example, ifβ = π

3, then the
η = 0.58. Therefore, the length can be reduced by 42%.

5 Simulation Results
5.1 Path planning navigating 3 waypoints

We first compared the three path smoothing methods con-
necting three waypoints. Fig. 5 (a) shows the path smoothing
results of using the DC, C1CBS and G2CBS algorithms. There
is seemingly little differences among the three paths but the cur-
vature of these paths are very different as can be seen in Fig.5
(b). The curvature of DC and C1CBS are discontinuous at the
junction points while the curvature of G2CBS is continuous over
the whole path.
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Figure 5. Comparison of Path Smoothing Methods : (a) shows the path

smoothing output of DC, C1CBC and G2CBS and (b) is the curvature of

these three paths.

5.2 Interactive Algorithm
In this Simulation, the performance of Half length algorithm

and Interactive algorithm are compared. C1CBC uses the Half
length algorithm and G2CBS uses Interactive algorithm. There-
sult can be seen from Fig. 6. Fig. 6 (a) shows that there are four
Ls at this simulation. Fig. 6 (b) shows the path smoothing result.
There is seemingly little differences between two paths butthe
curvatures and headings are very different. The zero curvature
implies the margin of the length at Fig. 6 (c). Half length algo-
rithm only utilizes the full length ofL2 but Interactive algorithm
utilizes the full length ofL2 andL3. In addition, Interactive al-
gorithm also utilizes more length ofL1 andL4. This makes the
G2CBS path smoother than C1CBC.

Fig. 6 (d) shows the heading change of C1CBC and G2CBS
path smoothing. The heading change of C1CBC is very sharp
at every junction but its change of G2CBS is very smooth. The
helicopter can not change the heading instanteously as the head-
ing change of C1CBC is very sharp. This causes a tracking error
because it can not follow this path exactly.
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Figure 6. Simulation results of the Half length algorithm and the Interac-

tive algorithm.

5.3 Bisection Algorithm
Fig. 7 shows the simulation result of the Half length algo-

rithm and the Bisection algorithm. The maximum curvature isset
as 0.02. C1CBC uses the Half length algorithm and G2CBS uses
both Interactive algorithm and the Bisection algorithm. Even
though C1CBC path viloates the maximum curvature constraints,
the G2CBS satisfies this constraint. The heading change of
C1CBC is very sharp at every junction but its change of G2CBS
is smooth.
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Figure 13: Curvature
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The required length of the Bisection algorithm can be obtained
as follows:
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Since 0< β < π
2 , the equation (23) is always smaller than 1. It

means that by using the Bisection algorithm, the required length
can be reduced by the rate ofη. For example, ifβ = π

3, then the
η = 0.58. Therefore, the length can be reduced by 42%.

5 Simulation Results
5.1 Path planning navigating 3 waypoints

We first compared the three path smoothing methods con-
necting three waypoints. Fig. 5 (a) shows the path smoothing
results of using the DC, C1CBS and G2CBS algorithms. There
is seemingly little differences among the three paths but the cur-
vature of these paths are very different as can be seen in Fig.5
(b). The curvature of DC and C1CBS are discontinuous at the
junction points while the curvature of G2CBS is continuous over
the whole path.
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Figure 5. Comparison of Path Smoothing Methods : (a) shows the path

smoothing output of DC, C1CBC and G2CBS and (b) is the curvature of

these three paths.

5.2 Interactive Algorithm
In this Simulation, the performance of Half length algorithm

and Interactive algorithm are compared. C1CBC uses the Half
length algorithm and G2CBS uses Interactive algorithm. There-
sult can be seen from Fig. 6. Fig. 6 (a) shows that there are four
Ls at this simulation. Fig. 6 (b) shows the path smoothing result.
There is seemingly little differences between two paths butthe
curvatures and headings are very different. The zero curvature
implies the margin of the length at Fig. 6 (c). Half length algo-
rithm only utilizes the full length ofL2 but Interactive algorithm
utilizes the full length ofL2 andL3. In addition, Interactive al-
gorithm also utilizes more length ofL1 andL4. This makes the
G2CBS path smoother than C1CBC.

Fig. 6 (d) shows the heading change of C1CBC and G2CBS
path smoothing. The heading change of C1CBC is very sharp
at every junction but its change of G2CBS is very smooth. The
helicopter can not change the heading instanteously as the head-
ing change of C1CBC is very sharp. This causes a tracking error
because it can not follow this path exactly.
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Figure 6. Simulation results of the Half length algorithm and the Interac-

tive algorithm.

5.3 Bisection Algorithm
Fig. 7 shows the simulation result of the Half length algo-

rithm and the Bisection algorithm. The maximum curvature isset
as 0.02. C1CBC uses the Half length algorithm and G2CBS uses
both Interactive algorithm and the Bisection algorithm. Even
though C1CBC path viloates the maximum curvature constraints,
the G2CBS satisfies this constraint. The heading change of
C1CBC is very sharp at every junction but its change of G2CBS
is smooth.
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Figure 14: Heading

0

50

100

150

200

250

300

0

50

100

150

200

250

300
01020

East(m)North(m)

A
lti

tu
de

(m
)

(a) Path Reducing

0

50

100

150

200

250

300

0

50

100

150

200

250

300
01020

 

East(m)North(m) 

A
lti

tu
de

(m
)

C1CBC Path Smoothing
G2CBS Path Smoothing

(b) Path Smoothing

0 50 100 150 200 250 300 350 400
−0.04

−0.02

0

0.02

0.04
Curvature of the C1CBC

0 50 100 150 200 250 300 350 400
−0.02

0

0.02
Curvature of the G2CBS

(c) Curvature

0 50 100 150 200 250 300 350 400
0

50

100
Heading of the C1CBC

0 50 100 150 200 250 300 350 400
0

50

100
Heading of the G2CBS

(d) Heading

Figure 7. Simulation results of the Half length algorithm and the Bisec-

tion algorithm.

6 CONCLUSIONS
A UAV path planner has been developed using a modified

RRT algorithm, combining biased sampling and the greedy ex-
tension of nodes. Since this path consists of piecewise linear
segments, a smoothing process is needed. Dubins curves is
used widely but the curvature of the path is discontinuous atthe
joints. Since the helicopter can not immediately accelerate to the
right angular velocity, this path can not be smoothly executed.
Clothoids pairs provide smooth transitions with continuous cur-
vatures but are undesirable due to computational complexities.

A continuous curvature path smoothing algorithm has been
developed satisfying nonholonomic constraints. The anglebe-
tween two wapoints is the only required information for the gen-
eration of continuous curvature path. Therefore, the suggested
algorithm is very simple and fast enough to be executed online
path planning. Finally the algorithm which can fully utilize the
margin of the straight line length is suggested. SimulationRe-
sults shows the validity of the suggested algorithm.
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Figure 15: Path Pruning
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Figure 7. Simulation results of the Half length algorithm and the Bisec-

tion algorithm.

6 CONCLUSIONS
A UAV path planner has been developed using a modified

RRT algorithm, combining biased sampling and the greedy ex-
tension of nodes. Since this path consists of piecewise linear
segments, a smoothing process is needed. Dubins curves is
used widely but the curvature of the path is discontinuous atthe
joints. Since the helicopter can not immediately accelerate to the
right angular velocity, this path can not be smoothly executed.
Clothoids pairs provide smooth transitions with continuous cur-
vatures but are undesirable due to computational complexities.

A continuous curvature path smoothing algorithm has been
developed satisfying nonholonomic constraints. The anglebe-
tween two wapoints is the only required information for the gen-
eration of continuous curvature path. Therefore, the suggested
algorithm is very simple and fast enough to be executed online
path planning. Finally the algorithm which can fully utilize the
margin of the straight line length is suggested. SimulationRe-
sults shows the validity of the suggested algorithm.
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Figure 16: Path Smoothing
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Figure 7. Simulation results of the Half length algorithm and the Bisec-

tion algorithm.

6 CONCLUSIONS
A UAV path planner has been developed using a modified

RRT algorithm, combining biased sampling and the greedy ex-
tension of nodes. Since this path consists of piecewise linear
segments, a smoothing process is needed. Dubins curves is
used widely but the curvature of the path is discontinuous atthe
joints. Since the helicopter can not immediately accelerate to the
right angular velocity, this path can not be smoothly executed.
Clothoids pairs provide smooth transitions with continuous cur-
vatures but are undesirable due to computational complexities.

A continuous curvature path smoothing algorithm has been
developed satisfying nonholonomic constraints. The anglebe-
tween two wapoints is the only required information for the gen-
eration of continuous curvature path. Therefore, the suggested
algorithm is very simple and fast enough to be executed online
path planning. Finally the algorithm which can fully utilize the
margin of the straight line length is suggested. SimulationRe-
sults shows the validity of the suggested algorithm.
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Figure 17: Curvature
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Figure 7. Simulation results of the Half length algorithm and the Bisec-

tion algorithm.

6 CONCLUSIONS
A UAV path planner has been developed using a modified

RRT algorithm, combining biased sampling and the greedy ex-
tension of nodes. Since this path consists of piecewise linear
segments, a smoothing process is needed. Dubins curves is
used widely but the curvature of the path is discontinuous atthe
joints. Since the helicopter can not immediately accelerate to the
right angular velocity, this path can not be smoothly executed.
Clothoids pairs provide smooth transitions with continuous cur-
vatures but are undesirable due to computational complexities.

A continuous curvature path smoothing algorithm has been
developed satisfying nonholonomic constraints. The anglebe-
tween two wapoints is the only required information for the gen-
eration of continuous curvature path. Therefore, the suggested
algorithm is very simple and fast enough to be executed online
path planning. Finally the algorithm which can fully utilize the
margin of the straight line length is suggested. SimulationRe-
sults shows the validity of the suggested algorithm.
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Figure 18: Heading



FOR k=n-1:2
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13 IF MIN == (L(k)− dκmax(k)) or

(
dκmax(k − 1) + Ld(k−1)

2

)
14 dκ(k − 1) = MIN;
15 ELSEIF MIN ==

(
dκmax

(k − 2) + Ld(k−1)
2

)
or
(
dκmax

(k − 2) + Ld(k−2)
2

)
16 dκ(k − 1) = min((L(k)− dκmax

(k)), (L(k − 1)−MIN));
17 END

END

END

Figure 19: Interactive Algorithm


