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Abstract

Autonomous navigation and picture compila-
tion tasks require robust feature descriptionsor
models. Given the non-Gaussiannature of sen-
sorobservations, it will be shown that Gaussian
mixture models provide a general probabilis-
tic representation allowing analytical solutions
to the update and prediction operations in the
generalBayesian�ltering problem. Each oper-
ation in the Bayesian �lter for Gaussian mix-
ture modelsmultiplicativ ely increasesthe num-
ber of parameters in the representation lead-
ing to the need for a re-parameterisation step.
A computationally e�cien t re-parameterisation
step will be demonstrated resulting in a com-
pact and accurate estimate of the true distri-
bution.

1 In tro duction

Many robotics applications such as tracking and data
fusion need a compact but descriptive representation
for communicating information either between individ-
ual autonomousagents or to a central unit. Such infor-
mation could include air-borne and ground-basedobser-
vations of natural features and targets from both imag-
ing and range sensors. A common attribute of all the
sensordata gathered from autonomous systemsis that
measurements are noisy and in many casescan only be
described by generalprobabilit y distributions. Thus al-
gorithm development for robotic systemsis now at the
stagein which techniquesfor manipulating and estimat-
ing general, non-Gaussian, non-point feature informa-
tion is required.

Autonomous navigation and picture compilation tasks
require robust feature descriptions or models. Conven-
tional schemesin autonomousnavigation have focussed
on the selection of stable point features, modelled with
Gaussiannoise,through the useof ranging devices(laser,
sonar). While such techniques have been successfully

used in autonomous air, ground and underwater vehi-
cles, they are limited in their abilit y to construct accu-
rate models of unstructured and complex environments.

Kumar et al. have recently shown that e�ectiv e fea-
ture selection relies on the information content of the
regionobservedby the sensor[Kumar et al., 2004]. Prop-
erties in the data from a visual sensoron an autonomous
ground vehicle (Fig. 1) include colour, texture, and re-

ectivit y.

Figure 1: Incoming data from a visual sensoron an au-
tonomous ground vehicle.

Elements of information theory quantify the informa-
tion content of random variables (such as the noisy data
provided by a visual sensor)to be inverselyproportional
to the probabilities of occurrence [Cover & Thomas,
1991]. Thus lesslikely states of a random variable pro-
vide greater information than more likely ones. Unique-
nessin the data is therefore related to its information
content which is in turn related to its frequencyof occur-
rence. Kumar et al. compute the information content in
an image through property histograms and addressthe
feature selectionproblem by explicitly working with the
least likely features.

An exampleof the complexity in the information con-
tent for the colour properties in the aboveimageis graph-



ically represented in Fig. 2.
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Figure 2: Information content in colour space.A two di-
mensionalcolour histogram of the raw red and greenin-
tensities in the image was generated. Subsequently , the
information content of each pixel was computed using
the formula log( 1

p ), where p is the probabilit y of occur-
rence. Areas coloured red in this �gure represent large
amounts of information while blue small amounts.

Due to the nature of these feature properties, non-
Gaussian, probabilistic representations must be con-
sidered. If the description and manipulation of non-
Gaussiansensorobservations are to be useful in robotics
there is a need to combine general probabilit y models
in a consistent manner. Thus, it is crucial to choose
a representation which o�ers generality but also allows
computationally e�cien t Bayesianestimates.

Given the non-Gaussiannature of sensorobservations,
general probabilit y density models for stochastic vari-
ablesand the estimation of thesemodels fall under two
classes:parametric and nonparametric. Parametric den-
sity modelsonly require a �nite number of parametersto
describe the distribution over the observed data with an
assumption that there is someunderlying structure. A
Gaussianmixture model (also known as a sum of Gaus-
sians) is a commonly usedparametric distribution. Non-
parametric density estimation providesa generalclassof
methods for dealing with problems when the underlying
structure of the data is poorly known. A kernel density
estimator is one such method in which each data point
provides evidencefor a non-zeroprobabilit y density i.e.
an individual kernel function (such as a Gaussian) de-
scribeseach observation.

Particle �lters, a nonparametric model, are commonly
usedfor generalBayesianmethods. Grid-basedmethods
also o�er general representations but do not scalewell
with state dimension and thus limits their applicabilit y.
Gaussianmixture models(GMM) provide an alternativ e
representation which allow analytical solutions to the

prediction and update �ltering operations that are per-
formed. As in particle �ltering, resampling [Doucet98]
or, in the case of a GMM, re-parameterisation is re-
quired. Thus, for a GMM representation to be viable in
the robotics and data fusiondomain, re-parameterisation
must be computationally fast and result in an accurate
estimate of the true distribution.

The following sectionsillustrate the advantagesof the
Gaussianmixture model for Bayesianestimation meth-
ods. Section 2 intro ducesthe form of the Gaussianmix-
ture model. The nonlinear �ltering operations using the
GMM representation will be derived in Sec. 3. The
particular density estimation techniquesusedfor fast re-
parameterisation will be described in Sec. 4. Sections5
and 6 show results and future directions.

2 Gaussian Mixture Mo dels
Multimo dal densities often re
ect the existenceof sub-
populations or clusters in the population from which the
samplesare taken. It is often the casethat each of these
subpopulations can be reasonably well modelled by a
simple density such as a Gaussian. It is then possibleto
use a strategy in which the overall estimation problem
is broken down into a set of smaller density estimation
problems that have well-developed methods for obtain-
ing accurate solutions.

A mixture density is de�ned for a random variable X
as

P(xj� ) =
NX

i =1

� i pi (x j� i ) (1)

where x are the observations of X , � i is the parameter
vector, pi is the probabilit y density for the i th subpop-
ulation also known as a mixture component, and � i are
positive weights with the property

P N
i =1 � i = 1.

Gaussiandistributions are commonly usedas mixture
components so that for the multi-dimensional case

pi (x j� i ) = N (x j� i ; � i )

=
1

p
2� � i

exp
�

�
1
2

(x � � i )T � � 1
i (x � � i )

�

= N i (2)

where � i is the mean and � i is the full covariance.
Figure 3 illustrates an exampleof a Gaussianmixture

model with three components. It also shows a typical
sampleset taken from the true distribution.

3 GMM Filter
Conventionally , the Kalman �lter and the Particle �l-
ter have been used for Bayesian estimation in tracking
and robotics. If nonlinear motion models are required,
the Kalman �lter can be replaced with the extended
Kalman �lter. Both the Kalman and extended Kalman



-2 0 2 4 6
-4

-2

0

2

4

6

y�
po

si
tio

n

x�position

�2 0 2 4 6
�4

�2

0

2

4

6

x�position

y�
po

si
tio

n

�5
0

5

�5
0

5
0

0.05

0.1

x�positiony�position

P
ro

ba
bi

lit
y

Figure 3: Mixture of three Gaussians in a two-
dimensional space. Top) Contours outlining one stan-
dard deviation for each mixture component. Middle)
Probabilit y density of the mixture distribution. Bottom)
500 samplepoints from the distribution.

�lters su�er from the restriction that the probabilistic
representations must be Gaussian. However, the general
Bayesianapproach to �ltering includes the possibility of
combining non-Gaussiansensorobservations in a ratio-
nal manner.

Particle �lters o�er a general Bayesian method for
combining probabilistic models. Representations of the
distributions are in the form of samples.For this reason,
particle �lters can run into computational issuesif the
state spaceis of high dimension. An alternativ e general
probabilistic representation is a GMM which also allows
the generality of the Bayesianestimation problem to be
exploited.

The following sections will show how GMMs can be
incorporated in the general Bayesianestimation formu-
lation and allow essential operations to be e�cien tly per-
formed. Sec3.1 describes Bayes theorem in which new
observations in the form of GMMs are combined with
prior information. Sec. 3.2 shows the derivation for the
prediction of future states using GMMs.

3.1 Measuremen t Up date: Bayes Theorem
Bayes theorem provides an incremental and recursive,
probabilistic method for combining observations zk , of
a state x k . A sensor observation at time tk , is mod-
eled as a conditional probabilit y distribution P(zk jxk ).
This is then incorporated with a prior belief P(x k � 1) to
determine a revised posterior distribution on the state:

P(xk jzk ) =
P(zk jxk )P(x̂ k � 1 jzk � 1)

P(zk jzk � 1)
(3)

where P(x̂k jzk � 1) is the predicted distribution calcu-
lated using the Chapman-Kolmogorov equation.

GMMs allow the update step involving Bayestheorem
to be solved analytically which in generalis not possible.
Substitution of the generalprobabilit y distributions with
GMMs given in Eq.s 1 and 2 results in

P(x k jzk ) = A
MX

i =1

� zi Nzi

NX

j =1

� xj Nxj (4)

where A = 1=P(zk jzk � 1) is a normalising constant, the
Nz 's are the mixture components for the likelihood dis-
tribution P(zk jxk ), and the Nx 's are the mixture com-
ponents for the prediction P(x̂k jzk � 1). Similarly for the
priors � z and � x .

Expanding Eq. 4:

P(xk jzk ) = A�2

6
6
6
4

(� z1� x 1Nz1Nx 1 + � � � + � z1� xN Nz1NxN )
+ (� z2� x 1Nz2Nx 1 + � � � + � z2� xN Nz2NxN )

...
+ (� zM � x 1NzM Nx 1 + � � � + � zM � xN NzM NxN )

3

7
7
7
5

(5)
Soeach term reducesto a multiplication of two weighted
Gaussianswith an analytical solution:

NzNx = kzx
1

(2� )n= 2j� zx j1=2
e� 1

2 [x � � z x ]T � z x
� 1 [x � � z x ]

(6)
where n is the dimensionality of the state,

kzx =
j� zx j1=2

(2� )n= 2j� z j1=2 j� x j1=2
(7)

� e� 1
2 [� T

z � x
� 1 � z + � T

x � x
� 1 � x � � T

z x � z x
� 1 � z x ] (8)

with
� zx

� 1 = � z
� 1 + � x

� 1 (9)

and
� zx = � zx

�
� z

� 1� z + � x
� 1� x

�
(10)

Sincean analytical solution can be obtained, numeri-
cal computation is very fast. However, each update in-
creasesthe number of Gaussianmixture components re-
sulting in the needfor a step in which a reduction of the
parameter set must occur.



3.2 Prediction: The
Chapman-Kolmogoro v Equation

The prediction step is performed in between observa-
tions and is achieved using the Chapman-Kolmogorov
equation:

P(x̂ k jzk � 1) =
Z

P(xk jx k � 1)P(x k � 1 jzk � 1; x0)dx k � 1

(11)
where the transition probabilit y density P(x k jxk � 1) is
known as the motion model, P(x k � 1 jzk � 1; x0) is the up-
dated estimate from the previous time step, and x0 is
the initial state.

The Chapman-Kolmogorov equation involves the
knowledgeof the state x k � 1 at time tk � 1 summarisedby
the probabilit y distribution P(x k � 1). The motion model
P(x k jx k � 1) describes the stochastic transition from a
state x k � 1 at time tk � 1 to a state x k at time tk . This
transition is related to an underlying model of the tar-
get given by x k = f (x k � 1 ; uk ). Thus, the Chapman-
Kolmogorov equation is the summation of the product
between the probabilit y of the target being at a partic-
ular state x k � 1 and the probabilit y of it evolving to all
other states x k , over all possiblestates x k � 1. This evo-
lution equation is therefore a convolution between the
motion model and the prior distribution.

As with Bayes theorem, GMMs allow an analytical
solution for the Chapman-Kolmogorov equation. Again
this ensuresreal time numerical computation in the up-
date and prediction steps. Substituting GMMs into Eq.
11 for the two distributions results in a similar equa-
tion to Eq. (5) but with each term being a convolution
betweentwo weighted Gaussiansrather than a multipli-
cation.

It can be shown that a convolution betweentwo Gaus-
sians is also a Gaussianwith the form [Norwich, 2003]

� N (� 1 + � 2; � 1 + � 2) (12)

where the subscripts denote the variables for the two
Gaussiansand � is a constant weighting term.

Similarly to the Bayes update step, the solution to
the Chapman-Kolmogorov equation is a weighted sum of
M � N Gaussians.It must be noted that due to the mul-
tiplicativ e increasein this prediction step a re-estimation
step is also neededhere if the number of Gaussianmix-
ture components is to remain small.

4 Densit y Estimation for GMMs
As demonstrated in the previous section, both the up-
date and prediction for GMMs result in a multiplica-
tiv e increase of the mixture components. Thus, simi-
larly to the resampling step for a particle �lter, a re-
parameterisation or re-estimation step is required.

The expectation-maximisation (EM) algorithm pro-
vides a general approach to the problem of maximum
likelihood (ML) parameter estimation in statistical mod-
els with variables that are not observed. An exampleof
such hidden variables are the underlying mixture com-
ponents in a GMM. It is possibleto usea numerical opti-
misation routine for maximising the likelihood and sub-
sequently estimating the parameters. However, it would
beuseful to takeadvantageof the underlying structure of
the model, breaking the optimisation problem into man-
ageablepieces. EM ensuresthat this is implemented in
a systematic way.

EM is an iterativ e algorithm involving two steps. For
a GMM, the E-step involvescalculating the probabilit y
of the i th mixture component given the data and param-
eters

p(hi
n jxn ; � i ; � i ) =

p(xn jhi
n ; � i ; � i )p(hi

n j� i )
p(xn j� i ; � i )

(13)

= � i
n (14)

wherehi is an unobserved variable equal to 1 if the data
point xn , belongs to the i th mixture component and 0
otherwise. Note that the E-step is a form of Bayestheo-
rem and for this reason� i is referred to as the posterior
and � i as the prior.

The M-step involves calculating the parameters; the
weighted sample means, covariances,and priors, which
are usedas inputs in the next iteration of the E-step.

� i =
P N

n =1 � i
n xn

P N
n =1 � i

n

(15)

� i =
P N

n =1 � i
n (xn � � i )T (xn � � i )

P N
n =1 � i

n

(16)

� i =
1
N

NX

n =1

� i
n (17)

Implementation of these two steps provides a simple
algorithm which convergesto the maximum likelihood.
However, EM is sensitive to parameter initialisation and
can converge to a local maximum rather than the true
value for the maximum likelihood. Convergencecan also
be very slow if the initial parametersareparticularly bad
comparedto the true values.

The computational complexity of the EM algorithm
for GMMs is O(i � N D 2) where i is the number of iter-
ations performed, N is the number of samples,and D is
the dimensionality of the state.

To ensurequick convergence,a number of other algo-
rithms can be used for initialisation, of which k-means
clustering is one [Mackay03]. The k-means algorithm
tries to assign the nearest cluster mean (or centre) to
each data point. Oncethe assignments are known, a new
cluster meancan be calculated using a sampledaverage.



Unfortunately k-means su�ers from poor computa-
tional scalability for large numbers of multi-dimensional
data points. Pellegand Moore have addressedthis issue
of speedusing the X-meansalgorithm which embedsthe
dataset into a multiresolutional kd-tree and storessu�-
cient statistics at its nodes[Pelleg & Moore, 2000]. The
computational complexity for a naive k-meansalgorithm
is O(kDN ) where k is the number of clusters. With the
acceleration modi�cations in X-means, the complexity
reducesto O(D) [Pelleg & Moore, 1999].

Additionally , X-meanse�cien tly determinesthe num-
ber of clusters by continuously splitting existing clus-
ter centres and comparing k-means results using the
Bayesian Information Criterion. Most searches for the
number of clusters proceed sequentially , trying each
value of k. This results in a computational complexity
of O(kmax ). X-means improves the structure on which
to search decreasingthe complexity to O(log kmax ).

This fast implementation of k-meansgives a reason-
able parameter initialisation for the EM algorithm en-
suring that only a few iterations are neededbefore con-
vergenceto the ML is achieved.

5 Results
This section illustrates the e�ectiv enessof the density
estimation techniques presented above. The estimated
distribution will be visually comparedwith the true dis-
tribution and the computational time will also be given.

5.1 Comparison of the Estimated and
True Distribution

It is often the casethat density estimation techniques
are evaluated with test distributions that have well sep-
arated modes. However, the multimo dal distributions
that result from sensorobservations are commonly close
together, non-spherical, and of di�eren t sizes. A typi-
cal test distribution usedto evaluate the combination of
X-means and EM is shown in Fig. 4.

Sampling from known Gaussianmixture components
is very e�cien t. 5000sampleswere taken from the true
distribution and used for the density estimation meth-
ods. In two dimensions,X-meansconsistently resulted in
good parameter initialisation with a su�cien t number of
data points. In the caseof mixtures with lessthan �v e
components, 5000 data points were required. Further
studies are neededthat addressthe scalability of this al-
gorithm with comparisonsto resampling for a particle
�lter. Figure 5 explicitly illustrates the di�cult y in de-
termining the separatemodeswhen only the samplesare
observed.

Figure 6 compares the true probabilit y distribution
(top), the estimated distribution after X-means using
5000 samplesfrom the true distribution (middle), and
the estimated distribution once the EM algorithm has

Figure 4: One of the typical test distributions used
for evaluation of the described density estimation tech-
niques. Note that the modes are closely spacedand of
di�eren t size.
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Figure 5: 500 samplesfrom the mixture distribution in
Fig. 4. Note that it is quite hard to determine the three
modes.

been performed using the parameters from X-means as
initial conditions (bottom). Note that the X-means es-
timate is quite poor due to the implicit assumption that
the underlying mixture components are spherical Gaus-
sians. This incorrect assumption compounded with the
small separation of modes in the distribution can result
in faulty determination of centres. However, X-means
provides reasonableinitialisation parametersfor the EM
algorithm.

Figure 7 shows the contours at onestandard deviation
of the original distribution. Also shown are the result-
ing position and number of centres from the X-means
algorithm and the contours from EM. As can be seen,
X-means has performed quite well and has found posi-
tions for the centres which are closeto the true values.
The EM algorithm is able to usethesecentres and within
20 iterations can �nd a good estimate of the true distri-
bution.



Figure 6: Comparison between the true and estimated
distribution after X-meansand EM. Top) The true prob-
abilit y distribution. Middle) The estimated distribution
after X-means. Note that the estimate is poor as X-
meansassumesthat the Gaussianmixture components
are spherical. Bottom) Final estimate after EM. This
distribution matchesquite closely to the original.

5.2 Computational Speed
Code for the X-meansalgorithm was provided by Pelleg
and Moore and is implemented in C [Pelleg & Moore,
2004]. The determination of the number and position of
centres by X-meanstakes0.31son averagefor 5000data
points using a 1.5GHz Pentium Centrino.

SinceX-meansprovidesreasonableinitialisation para-
maters, only a small number of EM iterations needto be
performed. Thus computational time remains minimal,
although EM is relatively computationally slow. Estima-
tion using a Matlab implementation of EM on the same
computer asabovetakes0.57s. Signi�cant gainsin speed
could be achieved if the EM algorithm was implemented
in a languagesuch as C/C++. Additional performance
enhancements could be achieved using approximations
to the EM algorithm such as Variational Bayesian EM
[Beal & Ghaheramani,2003]. This particular method al-
lows much faster convergenceand also allows the useof
smaller data sets,again decreasingcomputational time.

6 Conclusion
This paper hasshown that Gaussianmixture modelscan
be used as compact representations for complex mod-
els of the world. In addition, analytical solutions were
derived for the generalBayesian �ltering problem often
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Figure 7: Comparison between the true and estimated
distribution after X-means and EM. Top) Contours at
onestandard deviation of the distribution in Fig 4. Mid-
dle) Centres found by X-means. Bottom) Estimated co-
variancesafter EM.

used in robotics and tracking. The major hurdle pre-
venting GMMs from being a computationally e�cien t
tool for the autonomous systems domain is the multi-
plicativ e increaseof parameters in each of the Bayesian
�ltering operations.

A solution to this problem was presented here in the
form of a re-parameterisation step. This re-estimation
involved a computationally fast clustering algorithm, X-
means, which was used to initialise parameters for the
EM algorithm. Only a few iterations of EM were sub-
sequently neededto ensurean accurate estimate of the
true distribution. Sincethis density estimation step was
shown to be computationally fast, it potentially can
be performed after each Bayesian observation update
for many existing sensordata rates. Thus, GMMs are
a viable representation for probabilistic modelling and
Bayesian�ltering.

A number of improvements to these estimation al-
gorithms are currently being investigated. Firstly , the
statistical measurefor determination of the number of
modes in X-means can be signi�can tly improved. At
present, there is an assumption that the mixture com-
ponents are spherical. Incorporation of a statistical mea-
sure which allows for non-spherical Gaussian mixture
components is neededif accurate determination of the
number and position of modes is required. This should
also allow a smaller number of data points to be needed
without loss in the quality of parameter initialisation.



Additionally , approximations to the EM algorithm,
such as the Variational Bayesian EM algorithm, can
alsoprovide a signi�can t decreasein computational time.
With theseimprovements, it is envisioned that real-time
performance for combining all incoming sensor data,
modelled as GMMs, will indeed be possible.
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